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On the Number of H-Sets in a Hausdarff Space (**)
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0. - INTRODVGTION

In 12, Burke and Hodel gave some upper bounds for the nurmber of com-
péct subsets of a topological space in terms of other cardinal functions. In
mﬂuyobuimdmfoﬂmgﬂwhcqnhm

@1 R <25
©.2) gy <27 ;
0.3) IRC] <2

wehete X s assumed 0 be Hausdorff and %(X) denstes the set of all compact
subsets of X.

For any tapological space & class of subsets larger than the class of com-
pact anes consists of the so clled Hesets (see [7]).
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A subser 4 of the mpological space X is 1aid to be a Heset if for any
family "L of open subscts of A such that -Mu'ﬂ . there is 3 finite subfamily
@ Dyl s

Heses play an Importaat role in the n:m of Heclnsed spaces, i fact 3
Hausdor space X is H-closed if and only if X itself is a Hoser.

In this note we show thar the above three inequalities remain true when
KXY is seplaced by K(X), whese J(X) denotes the st of all Fesets in X.

For any :npulugiul space X we bave [ X] < KOX)) < (K (X)| <2 and in
gemenl the middle inequality cin be proper. The example in section 2 will

usnish a 7-closed tpace for which the gap between 1(,\;)| and 1CX)] s
he lasgest possible, J., [RX) = X and [RLN)| =

1.« Soum prrmstroNs

Tor notations we fallow (3] sod [5). The ol of u e i denored
by 157, The follonving cardinal functions will be u

A(X), density, ic. the smallest cardinabity of @ dense cobset of X

LAX), heredimary Lindelsf dogree, ic. the smallest cardinal pumber w

such that any r«m.:. UL of opens subsets of - as 3 subfamily Al foe which

Ut = Uil and fAty| <

#(X), extend, Le, the supremam of the candinality of a discrete closed

subset of X

W(X), perfect degree, i.c. the smallest cardinal number m such that any

closed set can be cxpressed a8 the intersection of  open subsets of .

A subser of a topological space is faid 10 be regubarly closed if it is th
closure of an open ser. The numbes of regularly closed subsets of X is denoted

o).

Let Y be a Hausdorff space and X'C Y, Y is said to be a H-closed exten-
tian of X if X is dease in ¥ and ¥ ia H-closed. The simple extension ¥+ car-
responding to ¥ (sec (1] and [6]) is the topological space having the same
undeslying st 33 ¥, but I7C ¥ defined 16 be open if and only if U0 X is
open in .Y and for every pe L X there exists a set 1 open in 1" such that
peVand VA X e U X,

¥* is again @ Flclosed extension of X and, morcover, YO X Is closed
discrete in Y.

2. - Resurrs.

We begin by showing that 2 Hausdorif space can actually have a aumber
of Heets greaces than the mumber of compact s

Esasree: Lec [ [0, 1] be the unit interval of the real line. Let ¥ be
the Alexandrov double of , Le. the set /% {1, 2] topologized in such a way




2%

that o' point of the form (v, 2) is isolated, while a point of the form (v, 1)
48 3 fundamental system of neighbarboods the sera £ {1 U (P [1) % (21
whers 17 is an open neighborhood of x in [ with respect to. the Euclidean.
topology. ¥ s compact Hausdar, hence H-closed, and dse subepace 1 (2}
is dense I Y. Thus we can think of ¥ as & F-closed extendon of [ {2).
Let ¥ b the simple extension eorrespodiny section one). We
claim thag Jo(Y1)] = [¥4]= ¢ and [R(Y4)] =2, Tp prove (Y
we consider the following facts.
() Let ACL If x is an accumalation point of A with respect (o the
Euclidean topology then (x, 1):2'%35".
(i) 1f A Is uncountable then it has an uncoundable set of accamulstion

@ a8 ) cleadly imply:
(i) (A% (21" 0 £ (1) > Mo whenever |4 (2] = Ho
Now let ZaR(Y*). As Fx[1}= YU % (2] 15 closed disermre in ¥'* we
st have (20 (1)] < R,. Parthermore 120 1% (2)] <My, sinee other-
wite [Z [ (1} > ¥, by (ili) and the fact thae Z'is closed. This shows that
[Z] <Ry and therefore ¢ = (Y |< RO <[Vl = Mim

“To prove thit RE(Y*)| = 2* we recall thas & regularly closed subsce of o
Heclosed space is n Hoset,

Tivery subset of /(2] is open in T+ and, moreaver, for any twa Ay, A,C
€752} such that A, A, we bave AL # AL, Thisclearly implies =2
and therefore 27w 27 (YY) 2%

Tuomme 203 Af X ir o Hassderf§ space than R(X)| <240,

Puoor: Let H e %(X) and let pe X F. For any xe H choose an open
borthood 17, of x such that p# T,. The family (L), is a0 open cover
of F and so there exists & finite subset {xy, ..., v € 7 such that

HEU U,

G0 0, s a mgulary closed mubier and pof Tounug,, Ths
showes that 5 in the intersection of a family of regularly closed subscts of X
and thus (X} <205, qed.

Recalling that foe any topelogieal space X we bave g{X)<2*¥, we obtain

Tmsoweos 22: Jf X it & Haasdor spoce then |B(X)| <2

We need two elementacy lemmas to prove our next result

Lescca 21: If X ir a Flousderff spoce thea fir sy x& X phere i a family of
apu arigharbosds ", of v, clased wodee fiite. intorsectivg, ok shat W] < || and
nr=e
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Lonan 22: Let X ben topalngival spare. If H it a Hoper in X and {U),00
it a calloction of open sabets .,r x ..13 that Hn(m'ﬂ)..n Hhen there exist
@y ey for Ph HO UL,

Towonest 2.3: I X ir & Hassdorf? space thay [R{X)] <255,

0or: Let awm BL(X). By formula (0.2) in the introduction we have
X|<2~ and by Lemma 2. for any x& X there is a family of open neigh-
borhioods L, of x, closed under finke inwenection, such that L[ <2* and
= [ Let W o= I Ui, and et  be the set of all unions of < m members

et ax
of . Cleadly [0]<2~ Let f{6X(X). By Lemma 22 for any xe X\ #
there cxists a neighborhaod U, L, such tha ILE X and s0 X/ =
ince 4L{X) = w we bave X'i e, This esablishes 2 one to
P
one map from X(X) into 0 and so [R(X)| 2% qeds
Toeone 24: I X it o Hansdor T space fhen (LX) <240m0,

Papor: Using Lemmas 2.1 and 2.2 a1 in the pmoadm. thearem, the proof
caa proceed asin (4, Th.9.3], thus we omic the d

The author wishes o thank . Poree for his suggestions in the construc-
tion of the example discussed at the beginning of this section,
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