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uality theorem characterizing the Le. rings; the existence of a
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Le
First we give some definitions und nowations, For unexphined terms see
Section 1.

0.2, All rings in consideration have a nowsero ideatity snd all modules
ate unital. Let R be a ring. We denote by R-Mod (Mod-E) the category of
Ieft (cight) R-modules. Module morphisms will be written on the opposite
side 10 that of scalsrs.

cally Dercrione.
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Ring axd modile tipolegies ars liver and Hansdorfl. Veom now on (K1)
denotes a left umrl, opologiaed {1c) tg: & with tpology ¢ and ReLT
denotes. the - eat leit 1. mesdules aver the topologial ring (K, 7).
We denote by 7, |h= fites of open left ideals of (R, 7) and by T, the clas of
rlrsion. modul

G (Me RMod: Yare M, Ann, (x)& 5] .
Every module Me 6, has an injective hull in G, which will be denoted by

).
Tt (1)1, be 3 symem of represenatives of the simple non isomorphic
modules belonging to By and let, for every ye I, Dy = Endy (7). Then ¥
is & right vector space over the division tiog 4,. Let w, be the dimension
of Vy uves Dy,

The module 87 = F.(@ V) i the. misiuial ingective cogeserntor of G, The

cing A End () s en&'ma with the finite topology o, 5o that (A, a) it
<ight Lt. The mesniog of LT Auis cléar, Recall thit 1 mo-
dule Me Re-LT is L. if m'try fa of closed cosets of M with the finite
ot ariba gy s ok g Smeti

0.3, The paper is divided in cight scctions, Section 1 contaiss peeliminary
notions on Le. rings.
Section 2 we give the representation theorem, First we prove that for
=y, I L s (7 S () S (W) o 05 O3 iy oml i
- Morsoves Soc (IV) = () D7 and, deuing b /(1) the Jacobson id-
o
ical ..r,q AYA) s [] D “Then we prove the equisalence of the following
three conditions: (a) (R, 1) is Le.s (8) (R, 1) and (4, @) ace both Le.; () R
o End (W) and IF, is an injective cogenerstor, with exsential sock, of Ga.
In this case I¥, = £ (B DY)

Degoding by v, the Leptin topology of (R, 1), the representation theorem
for a Le. ring (R, r) is comained in the following topological lsomorphism:
(R, 7.} o End (I,) where the endomorphism ring has the faite topology.
In pasticalar, i (R, 1) is stvicely linearly compact (s.Le), i.e. for every Je Fe
BIL is artinian, then W, = 5 [E(D)]"™.

r

0.4, Tn Section 3 we give some applicarions of the representation theorem,
obtaining & very short and natural proof of the classical Leptin's theorem on
the seracture of semiprimitive |c, rings and of the theorem of Zellnsky stating
that cvery commurative L. ring s a topological product of local Le. rings.

0.5, Scction 4 is dedicated 1o the duslity. Let (B, ) be a left Le. sing,
let K be an injective cogencrator of Gr with essential socle, B = End (4K}
and lee B have the finite topology . #K and Ky sre supposed to be discrete,
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50 that WKu RALT and Kpe LT-By. Consider the functor Dy3 ReLT =
— LT-By which assocites 1o every Me RrLT the right A-module of con-
tinuous morphisms of Af in wK, Choma (M, uK), provided with the fnite
topolagy and denote by M the topalogical module oberined in this way.
Clearly M* e £.7-By. The functor By: LT-Hy+ Ry LT is defined in an aaal-
ogous way. Denote br B(nK) (:u:.;) the subcaicgaries of ReLT (LT-B4)
consisting of modules A fogy colncides with the weak topology
!.m by Chom (M, K). Nw e Auﬂny theorem can be sted o5 follows.
conditions ate equivalent: (a) (R, v) b Le.; (8) (R, 1) and (a,n
are L;u. Lo (:) R End (K, and K, is an injective copenerator of Gy
with essential soxcle; (4) for every M e B(uK) (M & B(K,)) the canonical mor-
ism aow: Ml —= MY is 2 topologicsl isomorphism: (¢} for every Me #,-LT
{MeLT.8,) the cuacaical morphiim e s 8 continuos iscrmosphisos. More-
over, if (¢} holds then the topology of M is equivalent 1o the weak topology
of 6
The above duality is- equivalent to that considered by Anh
oue approachi—inspized by 1] and [12}—is completely differear.

0.6, Section 5 Is devoted to varivus applicativns of duality, The most
o one is 4 charisterization of the s.Lc. tings: (R, ¢} it sle. if D,
induces . duality between T and the subcategory NLC,-Fy of LT-By con-
sisting of Le. topologically noctherian modules eadowed with their Leptin
topology. If (B, ¢) is sbsolutely linearly compact (sle)—ie., for every
Fc Fv. By has finitc length—then (8, 8) I8 aLe. wa. Moreover (D,, Dy)
# duality betseen G, and ALC-B, and between Gy and Re-ALC.
“This fs o well known result of Gabriel [6).
Section 5 ends with u compatisun between the dulity Dy 0d the Oberst
duality for the chiss Ty of 3 slc. ring.

however

07, In Section 6 2n exsmple of a sLe, not 4., ring s given. Besides
this example soives Problem 2 in [13].

0.8, In Scction 7 we introduce the notion of cobasic ring snd of basic ring
assoclated 10 2 Le. ring (R, 1),
By the representation thenrem,

(R, r ) Ead (W), o =uy, lv’,-a(ean;‘) and AU(A)-BD..

T, b deilio, (/) e s g of (1) and = i e
grade of (R,7). The main result of this scction is the foll
e vighc L ing with s = o, a2l AJ(A) = [ Dy with D, B vin rings
and 16t 7y (1) be w0 asbitrary Fotuple of non sero candinal momsbers:
‘Then there cxists 8 left Lc. ting (R, 1), with 1 = 1. onique up to topological
isomorphisms, having (A, g) 23 cobasic ring and v, a3 grade.
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The basic ting of (R, «)lﬁmccolaﬂ.cmguf(d u). T has the form eRe
where ¢ is an idempotent in. K.

09, In Section B we apply the preceding results to the study of primary
L. rings, precising some resules of Leptin and Anb.

Reacar: Some of the shove results have heen announced ot the Conference
on Topology held st L'Aquila, March 1983, See [3].

Axsowrencurss:: I is o pleasure o tank P. N. Ank, A Facchini,
E. Gregorio, V. Roselli and expecially C. Menini for many helpful conversa:
tions snd suggestions.

1. - PRELIMINARIES

Let (R, 1) be a left Li. Hausdorff ring, Let Mc BeLT. A sopadsgical b
nde of M s 2 submodule of M endowed with the relative topology, Writing.
(A, ()& ReLT we mean that the module M, endowed with the topology s,
is an object of ReLT. If L, .«e RrLT, Chom, (L, M) is the geoup of can-
tinuous morphisms of L. in Al

Let R be a ring. For every A ¢ Alod we ¥ el by M0 —of 10
by E(M)—m Injective envelupe of o in B-Mod

t R, be two,tioge and let 4Ky be & bimodule, W say fhat oK is
f.stwﬂ; bolmerd if the canonical mosphisms & —» End (K), B Esd (oK)
are ring isemorphisms.

L1, Let R be u ting and L, Ke B-Mod. For cvery subset F of L set
) (& Homa (L, K):

O(F) is & subgeoap of Homy (F, x] ubsﬂnt: that O(F) = O(RE}, where
RF is the suhmodule of L. generated

“The subgraops O(F), where F is ﬁuw subset of L—or alio & fnitely
generued (£.g.) submodule of L—can be assumed a5 a basis of nngmmmhmd:
of 0 for 4 group ropology on Hem, (£, K}, ealled -n;,sm fopobgy. Such

ology is compleie and Hausdord, If L= K then the O(FY's are right
ideals of End (uK). End (oK), with the finite topology, is a right Lt. ring
complete and Hausdorf.

Let 1Ko R:Mod. ‘The Ketspelogy of & is the ring topalogy on R obtained
Ty enking as 3 basis of neighbourhoods of 0 the left ideals of the form Anns (F)
where

a3 3 right Baodule, the finite topology and the K-opology of & eoincide.
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1.2, Teom now on (&, ) dénotes 5 fixed, but arbitcary, Ieft Ly, Hausdor
sing. Let ¥, be the filter of open left ideals of (K, 1) and Jet Ty be the class
of T-torsion modules. Ty be 8 dlased subeategory of R-Mod, since B s chosed
‘nder submodules, epimoephic images and arbitrry direct suns. For evesy
M R-Mod deuote by +,(M) the v-sorsion sabmedwle of M. 1, Is a lefi exace
preaadical tn, B-Mod. Note that, for every két ideal J of R:

loF <= BT,

Denote by & the Hausdorf completion of (B, 7). The class Ty has the
following properties: :
4) A module M RMod, mdewed with the diserese fopoleg, it av ot of

RLT if MeT..
By Every moduly belorging to T ir, in a matwred way, o left R-modile and every
R-linser worpbivm i o ir Relinear.

Let MeTy. Put E(M) = 5(E(M). Then EM) Is the injective bull
of M in T, Recall that G, is & Grat

Lat (1,),0r.be & fixed system ‘oF pesciintives of the fisnorphiden clases
of simple modules belonging o By, Then:

s =@ ()
wr

is the minimal cogenenator of e, while
W= E@ V) = o @EAV)
o S

is the minimal injective cogencrator of T,
Note that oL and oY, with the discrete topalogy, belong to Ty, Observe
also that LU and 07 are bath faithful left R-modules since (R, 7) s Hausdor.
Let A m End (u}F) and denote by o the finite wpology of A. (4,a) it
right Lt ting. The symbols F., B, £7-A. ate now clear.
The notations just established will be of current use and, in general, their
maeaning will aot be recalled.

13, Let 4K R-Mod and denote by N the st of positive insegers.
We shall say that ] quasi-injective (£.q.1.) If for every aul
B K, for every worphism. f; o8 — oK and for every x5 KN, [ extends
to-an endomorphism £ of 4K such that xg o 0.
It is clear that, If WK is 558, then 4K is quasiinjective (q.i).
K is said 1o be & mlf-sgenerater if foc cvery e N, for every submodale
BecaK* and for every e K™, there cxista a mophism 2 oK" — oK such
that Bf= 0 and xf 0.
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It was proved by S. Bazoll 2] that oK is s iff oK s a .4 sifisgmeratir,
Let oK A-Mod. Suppose that K Is fuithfol and dencte by # the K-
twpology of B. Then

a) K is gi. (i) iff 2K is ingectioe (am injective copenernior) in .

By Les (R, ) b deft Lt ring. 1f 4K it a igfective object (cogtmerater) in T,
then JK it gi. (1400

14, Lec (R, x) be a lef Lt. ring, 2K e B and assuime K disceete, 5o that
SKe ReLT. K is 52id to be & sageterotor of ReL.T I for every Me ReLT
and for every xe M, x40, there exists a continuous morphism fz Al — K
such that xf 0, IF K is & cogenerstor of Rr-L7, then for every closed
submodule #7 of M and for every x ¢ M~ there exists 4 continuous mor-
phism /i M — X such that Hf =0, 3770,

K is said 10 be an dgfctive object of ReL T if for cvery Ms ReLT and
for every topological submodule  of M, every coatinuons morphism of H
ia K can be extended 1o a cominuous morphism of f in K. Observe tht,
for every discrete modale Ke £-LT, every continunus morphism of H in &
can be extendad to 4 contlauous mosphism of an appropriste open submodule
of Al containing ), in K. Thetetore, K s s fsjaivé sbject of R.L.T I8
for every 14 F, every continuous morphism of 7 in K cxtends to 1 mosphism
of &i

Eilly 1o wasy 1o prove thias fo dvery SR T
oK it ¢ (on ective) eogemeraor i R T ff oK i (on i) sigoertor
i

15 A module M & R-Mod is said to be fiitely cegrmerated (f:c.) i the socle
Sac (M) of M i £g. and cssential in AL A submedule 7 of & module Af s
said t be sofinie if. MIF is £.6,

Let (R, 7) be  lefe 1t sing and let ¢ and ¢, be two tapologics an M, such
that (AL, ¢}, (M, 1) & ReL T, The topologies ¢ and #, are said tn be eguiealent
if they have the same closcd submodules.

The Laptin tspolags e of (M, e} is the topology havieg as a basis of reigh-
bithoncs of 0 1n 47 the cofinie r-open submadules ‘in M. Cleacly (A, r,) &
ER-LT, £,C 0, #q 1nd ¢ are cquivalent. The Leptin topology 1, of (K, )
coincides with the h{-topology, hence r, in a ring topology.

16 (M, ) is Lc. then (A, r,] Is Le. and the wpology ¢, is minimal in the

of topolagics ¢, on M such that (Mye)c ReLT. 1f (M, ) isslc. thea

The abbreviation Le.d. means «lincarly compact in the discrete topalogy ».

Let (Af, )& ReLT be Le. It s known that smong all topologics equi-
valet 10 ¢ theee exists a finest one which will be denoted by ¢*. The existenee
of ¢ was ctablished by various authors ([19], (1], (10]).

Following [19] the topology «* has 4 a busis of neighbourhoods of 0
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i A the closed submodules. £ of (M «) such that MUF is Led, (3, ) is
Le and e Cecen
16 (B,7) bs & left Le, ring, then v* is a ring topology.

“The following Temma will be very uscfal in the sequel.

L T G i) Limemis 200} Km i 6 b ot
« togemerator of Gu. Thun the Keiopelogy uf R is equisaleat do v avd svarr. dham v,

2. . REpRESENTATION OF LINEAREY COMPACE WINGS

2.1 Lesea: Lat R be o ring and et oK be o mendicle with exventiol socie s
that R, mdswed with the K-iopolegy v, is le. Thenv = v,

Prodwi Evidéotly va1y. Canvensely, let Ja5:. Then 12 Axns (v
-
with ;= K. “Then it is sulicient to prove that for every x 2K, ¥ 70, Ry
o BfAnng (3] is £ Indeed, since Anna (x)e 5, Rx isLed,, hence Soc (fx)
Is £g. On the other hand the sacle is essential by assumprion, hence R
is fie.

22 Lestas Lat (R, v) b a i L. ingy aVP ond o rispatiely sbe inimed

», and dbe winimol cogemeraior of G, WI< AWV, Thow for every
X€ QI sbere exitis g oU e thrt Antig () m Anny (1)

Paoor: Consider the inclusions
s DEFRaFS LA )

Lot 6 o, 0, o (33, with € (V). Kot i L, Hence So¢ (R)
is £, and cssemial in Rt (Rv< oJP). Thus R is fc, Setting /= Ann ()
e bave 7 () Ama ). By Baoposiion i 9] hececiss ke sbser
Fof 1 such that ()Anna ()<l Then (Amne o) = 1. Loty st be such
el e b2 el T Ol for g - Thien A o oo A o)

. Revank: The preceding lemmata yiekd that for every left Le.
uz.n the Lrtnpology v Vmpclngyof R coincide both with the Leptin
logy a-

24, Fet (R,) be u e L. riog, oK ¢ G, and &= End (,K). Badow &
with the Ktogology f and the bimodule ,K, with the disceete topology. For
M BeLT we denote by M* the group Chom, (M, 1K) endowed with the
finite topology. Then M L7-By being 3 topological submodule of the
modole KY€ 7B
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Let Af** = Cham, (A endowed with the Finite topalogy. Then
M** & Re-L.T. Remark that M** is a topological submodule of the mosdule
Hoaty (M, K,) endowed with the finite topology.

For every x M denote by %< M3 -» K, the morphism defined a3 fol-
lows:

O = e
Cleadly % & M** since coincidés with the resriction 10 AI* of the canonics!
mally, denotc by s M—e M the cxmnizal mor
=3 Since M Homy (M7 Ky), o= o can be
also as 4 morphism of M in Homyg (A%, Ky},

2.5 Tuponrst: Lot (R,v) be a lft bt ring, oK Goy B e B (oK) and
et B have the Kesopalogy . Let M RrLT and fot Homa (M, K,) bre the
Jite dapalegy, In the wotations of 2.8, tie fulinving bold:

&) The camoniiol morpbisor enz M ~» Homy (M, Ko) it contimsns and Ton (0)<

<A+ < Hom, (M*, K.

B) is ape an. sbe imoge I the quasiont topalopy of MiKez () coivcides vt rbe
sopoingy dudwed by Chorn (M, 2K},
&) 0f K it o fuitlfal selfcsssurratie, dbews
1) for twry [, sabowiale L of M3 asd for evucy algirate morpbizm f1 LK,
there exiss 5 & M such hat Fyg = f, beves | con be extended to a seospbie
of M3 in K.
2) Mo és desse bn Homs (A%, K.).
3) End (K.) coincides with the Hamdorf] compietion of ‘R with respect 15 the
Ketopalsg.

) (Anh [3)) Sippose that (K it & ogemerator of Ty Then M s Lo if the fobe
lowing oo comitions i

i) the. sworphicm e M~ Homw (M, B) it aw algbraic imwocpbives
if) for entry swbmodile L. of M, ceery algebesie sosrpbivm of L i Ky extosds
1o a marplicw of M* in Kn.

Proor: Statements ), B), ¢) caa be proved by acguments shullis to those
used in the densicy theorems in [11] and {17). #) suppose that oK Is & cogen-
entor of G, hence of R-LT. Then the necessity of condition ij follows
from ¢),2). The necessity of i) and the sufficiency of both 1) and ii) can be
proved by the method wsed in the proof of Lemma 4 of [14] (see [1], The-

28).

26, A module M RMod will be called sy guasi-imictive. (W.g1)
if for every me N and for every fg. submodule H of M, every morphism
of H in Al extends to 3 morphism of M* in M.




| Obviously every q.f moduke is w.qd. 1€ (8, ) is & left Lt ring then o
it waql, but aot qd. i gesesal.

| 27 Les (Ry1) be a et Lt sing, © the sct of mazimal open left ideals
of (R, %), oK 3 fixed cogeneraton of Ty, # = End (). It is clear that

o) 50c (k) = X Anoe (P).
otk S 0 e Ao OB ki B oo, il el

;; J‘.ﬂsy.‘h},Khiql Ther, for erecy Paf, Anng (P) s o simple
ruhsvodnie of Ko, and wwery simple smmocnle. of Ky dar the forsr Anng ()
wih P V. Comsquontiy:

5oe {,K) = Sac (K,).

Proow; Let 3,56 Annia (%), ¥ # 0.7, Then Anny(x) = £ = Anna (3)
since P is open in & and K is & cogenerator of AL 7. Hence there exists
& morphism /3 R —» Ry such that xf = 7. f extends to an endomorphism b
9 4K, o (o X4 W il e g (3 S R it

of K.

Comversely, let 5, be a simple submodule of Ky, x 655, x 9 0. There
e Pt i TG0 R

sehang(F),  y#0.

Since Anny (3) = P there exists 2 surjective morphism f: Rx—s fly such that
xf=y. This yields 3= xb with be 8, hence Anng (Py<Sa. Since S, is
simple, this. gives. Ang (F) = Sx.

Tt (V/),up be, 3 usual, & system of representatives of the simple non
isomarphic madules belonging to Gy, Fot a fixed y& ' let P be such that
Vyey RIP aad st V= Homy (Vy, oK) = Homa (RIP, oK). For e=1+
+PeRIP the correipondence £ ), when fsum.(m-. AK), defincs
an isomorphism of the right ﬁ-mudnnu v; and Anng (). Therefore 12
is isomorphic to a simple submodule of

Denokis by (1) the ityps mpiontt O Soe (I SHih ot 10V
and by 5(17%) the isatyple component of Soc (Ki) with tespect to 1%, Set

= Eads (1),

28 Tueones: Lot (x ) br o lfi bt cing, WK o s wag . agemeratar
of B, B= Ead (iK).

) §oc (oK) = Sor (Ka):
B) Soc (Ks) it enestiel in. Ko
&) For g ye T, SV = XV
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d) I 3W s the mimisal injective wnl-r of Ty wnd A= Eod (),
dbes V2= Homy (1, P 2

Soc (W) =@ DY
o
sl , i e dingention of Vs right veehar ipace sver the divicion ring Dy

Proor: a) bay already been proved:

) Since Soe (Ky) is the interseerion of all essential submodales of K,
it is enough to prove that Soc (4K asa Bsubmaddule of K, is essential in K,.
Let xe K, x50, and let Peif such that Ans, (x)<P; then 1K contains 2
simple submexdule. 1 isomorphic 10 R/P. There cxists 4 morphism /2 x — 1/
such that 374 0, Then there cxisty ke & such thor b 0,

) Lecpel, Sy=[Pet: RIPx V). It is clear that

(1) ¥ e ().

This yickds $(V4) < S(1/7). Now let x K be such that x8~ 1% Fiz Pedy
and ye Anng (P)<E(1%), y2 0. Then y8 = Ann, (7)o V;,m Anng (P
it 4 simple submodule of K,. S0 there exists a Bolincat morphism /1 y5 - xB
such that f{ y) = x. By Thearem 2.5¢), 3) there exists r& R such that 17 = &.
Since e Z(¥5), 52 E(V3); therefare X1 < 2(H5).

) is now obvious;
29, Puovostrion: Lt (R, 1) be & lgr L1, ving, Gt oK be am inocive eogen-

eratorof . with essutiel soeie, B o Kind (oK) awd et J(B) be the Jacebwion radivsl
of B. The

Anay (Soc (xK)) = J(B)
i

Endy (Soc (K0) = BIJ(H)
camewically. In particaler Eﬂixﬁ“(l“}ﬁ-".’.’(#ﬁayrb-.
Puoor: Let uy consider the exact sequence
0+ 50¢ (1K) -+ oK —+ yKSoc (oK) = 0.
Applying Homi (—, K} we obain the exsct sequence

0= Aaa (Soc (4K0) = & = Eady (Se¢ (K0} ~0.
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Py ienpios Al D e e S L
of the endomorphisms of K luving essential kerpels. Since oK s gl it is
well kaown that /= J(B) (see for cxample [5].
The kst statement follows from the equality

Sec ()= @15

The following theorem is a slight generslization of a result due to C. Menini
{19). Main Theorem and Theorem 10).

210, Tamonks: M(R')N-Ir[lu rlqdh!.xuuwrlf'&,
B = End (uK), t the K-topolsgs of B. ing conditions are equivaliat s
(ORI R

() Tie biednie oKy s faithfitly nlovced and Ky it .
Morvever if {s) olds s oK is w4, thoe the folswing oo cosdisions are vquinatent:
1), Soc(uK) is estmtial i oK
2) Kuis tqi.
Fivally, if (a) avd 2) o, rbon th following iwe. sonditioas are swivalmt
(B ) i right L
(i) oK ir s,
Proor: (s) <= (. Pollows from Theorem 254).
Suppose that {a) holds and 4K is w.q.i.

1) = 2. 1t is eacugh to prove that if L is 2 submodule of Ky and
% KoL, then Anng (L)% Anng (). Assame that Anny (L)< Anny (), ie.
7 Ariny (7)< Ann ().

nt

S0¢ () is esencal i B o x I L e Soe (R 4 5. 30 B
= AfAnnx (¥) is .. Applying to the module «& & classical lincar compact-
ness srgument ((14], Lemma. 2 and [9], Lemma. ), we ger a fnite subsct
[P -o3u) of L, soch thar

@ 1 Ansy () <Aoms ().
St w= 7)€ K* and define the morghism f; Ra— R setting

T v ik ety e becwse of (1] S 1K I+ v
there exists a marphism g: oK* = (K which extends f. Hence there exist
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clements by.vec; by B such that ag = E piby = v this yields xw L. A con-
tradietion.

2) = 1}, Since # is the Ktopology of B, K, it an injective copenerator
o€ T, (sec 1.35)). To get the conclasion it suificr to apply Theorem 2.8
w© K,

Naw suppose that conditinis (s) and 2) hold.

i) = (i), Since () = (), K i 4., 30 wg . By
So¢ (Ka) is csseneial in Ka: The implicarion 1) = 2) yields »K s.

{if) > (). Since K, is 5.q.. and it the Ktopalogy of B, K, is an Tajec-
tive cogeneratar of Tz, Now the equivaleace () = (8) Iplics thac (5, §)
is Le.

. Resank: In the notations of 2.10 suppose that 4K s an injective
cogenerator of . with essential socle and suppose that the bimodule 1K, is
faithfully balanced. Then If (R, ) is Le., (B, §) is Le. too. The converse is
ok true in gencral as the following example shows.

Let p be  prime number, let Z(p7) be the Pedfer pgroup, %, the ring
of razionals whose denomimator is prime to p, /, the ring of padic integers.
Consider the trivial extensions

R=2F)@1 7. R=2 @1,

and let R+ R be the canonical embedding.

R is & valumtion ring with a simple and essential socle §. Hence the only
linear Hausdorff topology on Jt s the discrete ane and E(u5) = E(x8). Itis
easy to see that E(uS) = uF, 0 that 4K is the minimal injective cogenerator
of R-Mod. Then, for A = I"_ﬂd.(m. the bimodule .w.uf.uhfu“y balanced.
2 ix not Led., buc 4 is Lc. in s finite wpology.

Tndeed, since R is commutative, T is in an obvious wiy & subriog of A.
Let F be a finite subset with u elemeats of &, OCF) ix aa R-submodule of A
such that AJO(F) is isomorphic to a R-submodule of B*, Since B is Led.,
AJO(F) is a Led. Bmodule. Conscquently A = lim A/G(F) is'a | F
module, beace A, s 1.c. in the finite ropalogy.

The follawing corollary. makes applications of 210 cusier.

212, Comourany: fr the malahignr of 210 n)po- m.c WK s an infoctive
cogemrator of T Then dbe following conditions are ‘equivaien

(a) (Byn) in de. and Soc (uK) it essuatial i oK.
) (Ry) wnd (B, ) are borb, L. and Soc (uK) is ervential in oK.
(€). The bimeduie oKy e faistfully balsosesd and K is aw isjective copemraior
of G,
1 thvse conditions lotd, dbex S (oK) == Sox (1) andh S (Ky) ¥ essntial i K.
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Proors (a) = (e): Follows from 2.40 using 1.3 b).
(@) = (#). Follows immedistely from 2.10.

(#) = (s). Obvipus.

The last statemeat follows. from Theorem 2.8,

In the notations of 212 suppose (R, ) Le. and Soc (oK) essential in oK,
50 that (B, ) is Le., all f.g. submodules of Ky are Jed. and 4K Is fairhfully
balaaced. Then by Theotem 1.6 of [10] the finest topology v* in the cqui-
valence class of 7 (sce 1.5) has an & basis of acighbouchoods of 0 in & the
annihilators of Le.d, sabmadules of Ky

Let (Ryv) be a left Le. ring: (R, x).suldmhaqp-lwnlb..mn.(m-
wimn) i for exery Je &y Ril s  noetherian (artinian) module.

213, Lesnans Let uKy b o faitifilly buloncnd BB biweduie and el v and

hf&x-m,ulqwnjxndﬂmpﬂmg Suppase that Ky ir o wifeagemerator. If
(R, <) is sopelgivaly rtishan (peesbrias), then (B f) s topalogeally wetberian
(artinian).

The easy proo of this Lemma ix sisailas to that of Praposition 23 of [13].

214, crions umonese o L. woioss Let (R, 1) W it b,
itge o = Eu{G V) il whiml it sgater of G, A =End ()
et A e e with Hie W-topelogy . LﬂD,—End.(V)dHr b
i sf Vo right st spac

a) The bimednie W, is fuitbfully balewced, s.x(,ln Soc (W), W ir
1. with cmntiol ol aid (A, 0) i iR Lo, With @ = 04

§) (R, 4) it topelugially Liomorpbic i o aatural way 1o tbe ring Ead (W)
eadswed with the W-iopelogr.

9 W= E{@ D).
d) AYCA) o [] Ly o the right A-mednier Dy are. o sysiens of represenia-
iver of e Fupie i Iiaserphic modilie belogping o o,
& I (Ro5) ir s then
W= @ ED = @ (D™
b ar

Proor: ) follows from Oumlhzy 2,12 and Lemma 2.
#) Acconding 10 4) the camonical mosphisen of R in Bod (W) is 2 ring
Endowing these rlogs with the respocrive Wtopologies this.
isomarphism s topological. By Lemma 2.1 the Wetopology of R coincides
with the Leptin t0pology 7a.
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) By vistue of Theorens 2. Soc (W,) = @ Dip* s the inclusions

Soe (W) < W Ea (Soc (W)
are esseotial.
Since o is the IF-topology of A4 and I, Is 5.q.4., W, is an injective objeer
of %, hence I, = E,(Soc (17,)).
d) By Proposition 2.9 AlJ(A) o [] By: Since o = g, and W, is s.qi,
W, is & cogeneraion uof ;. The conclusion follows by the sinsciure of W,.

o IF (R,7) is sle., then (4, ) is topologically nectherian according 10
213, In this cssc, appiying clasics] merhods (sec for cxample [1]), it can be
proved that in T, direes sums of infective modules are injective.

3. - SOME APPLICATIONS

1, Tokonsss oF Lirins asn Zeussey on sadabeinive Le, avs. Let
(B,7) be a ket Le. ving, let J(R) be its Jacobson radical and lec oI be the
minimal injective cogencratos of Gr. According to 214, 2.8 and 29

Anny (Soc (IF,3) = J(R) = Anny (Soc (a17)) .
Supposc aow that (R, ¢} s semiprimitive, i.c. J(R)=0. Then W, = Sor (i)
20 (7 = Soc (). By vietwe of 29 ()= 0, 10 that o = [1 Dy

gives the canonieal isomoephisms:

(R, va) = Eod, (Soe (P) = End.(g ) = T B, (15)

which are topological when the endomorphism rings are provided with their
finite topology and the product on the right-hand side is provided with the
pesdos topologs, We g in by . she el s oot o e
steuctuze of semiprimitive Le. rings.

Now we 2dd some remarks concerning such a ting (&, 1).

a)r=ry

Paoor: Sisce 127, it Is cnough to prove that every J& 5 s open in
(R, r,). Sinee / is v-closed and v is equivalent t0 1., / is also r,-closed, hence
closed in the Wtopology of R. Sctting L= Anng (F) we have = Ann, (L).
Applying Hom, (—, W7,) to the exset sequence

Ov Ly WP, WLy 00




we get hie exict sequence
07— R —Hom, (L, Wi} —0.
1n this way we esmblish the following isomorphism of lefr. R-modules:
RiT s Hom, (L., W) .

Since I, = Soc (%) s semisimple, it follows that £, = @) Ly whete L re
simple sobmodules of . Then

R o Hom, (Lo, W) e [] Hom, (L, W)

Since RYJ is Le.d: and every Homy (La, W) is non-zero, it follows that A is
finite. For eveey de.1, L, bt isomatphic to some D,, Now Hom, (D,, W)
bt e | W s simplc R-module. Since .1 s fnite, this
mesas that 27 Is £c., hence s teopen.
LR sk o e g End, (V5) is s in the Galte topo-
Morcorer A= [T 2, s semiprimitive a0d (4,0) I s1c.

& The ring uz,q detcrmines uniquely the cardimality of I and the
vector spaces 1y over the division rings Dy up to semilinear i
(more derailed proof of his fact can be found in [17]).
a1 EE () e et ke 1 m..wdmm-,ﬂmm
ring is not decomposable in product of
njﬂ[&:)h{lmﬁmﬂm&mdumd
sided ideals, then, for every y & 1) Uy e et e D (e 3D,
Tdesd, et I b right vectos 4pace vis the disiion ting D and let (£, 0=
= End (V) have the finte tapology. By «), v is the only L, topology oa &
and every non zero two sided ideal is donse in (R,7). This implies the fnite-
ness of dimension of 17 over D, since R cannot have non teivial fwo sided
deals.
e viag cnd gt R = [ R, whee te
Ri's are risgs.
) rvmxm.mmmummmmmw-
by RIT] B, = Ry, and v ds bt
o
b + avincidos with the prodiet fopitogs of e 1.
) v vy iff T (n), for oy A As
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Proos: 4) Denate by rs the identity of & and by m: R -» K the csn-
anical projection, For every /& F, we haves m{l) w el = I3 Ri. Now it is
abvious that r, is L.

4) Let = be the peoduee wpology of the topologics t. Tt is <leac that
+2¢’ and that v and ¢ ace cquivalent, Let Z& &y, / is v'closed, henee £
coineides with the product of its projections /i Now R/ is Led, and Rl o
o [] Rl This implies Jy = Ry for almost all 2. Then / is 1 open,

) is obvious.
3.3, Prowosmion: Lat (Ry7) be a bfi Lo, ring whth v mvy, Stt Ay
- I:ndg(En:V‘]) &, — End, (F(Dw;) and .a.. e rings with their fiite
Sspelogy, e fulleving are squttleat.
(a) For every 37, Homa (B(V), B V7)) = O
@) For exery o7/, Homy (500, BADZ) = 0.
() (A, o) i tspolagicatly icomerpiic to the topalogical. prodsct of the A7s.
() (B, x) in topalogieelly momrpbic to.the tapokegical product of the Ry's.
Af these conditions bold, thew o = oF and IV‘—@E,(B‘,":.

Fucar: Observe st (o) fples bt @ F(F%) in fully favariet in
T, Then @ i1 is 4 so tha, ince v vy @ BV i
fte in G, Ths, U o0 &

(4) = () is now obvious,

(6) = (i Let oA be the endomorphisen whose ycomposeat is the
identity of A, and the other components are zero, For every y 1" consider
E, = BD7) 15 1 right A-module by the canonical projection A —.4;.
Let yoy'e [y y oy, xe £y, feHom, (5, Er). Thea:

)= Flxes) = f () rp = 0,

) = @). Argue as in (n) = ().

(@) = (o). Argue as in () = (i)

34, ZELNSKY'S THEOREA ON THI STAUGIURE OF COMMUTATIVE L€, RIN

Let (£ 1) be & commutative Le. ring, Since R o Fnd (87,) and W7, o
E@ D) is ql., it is obuious that v, = 1 for every y [, So we have

v, uz.@u,) EL-@; EDy).
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Let 77'a [y ', Thering Ends (b.m.)@ﬁ-(m) # commutaiive since
every such sm extends ta m of W,, Then every
endomorphic image T ED Gy  Eully imvadint, 3o tha

Hom, (B(D), (D) = 0.

By Proposition 3.3, (R, 7.} s topologiaally isomorphic to the topologieal
product of the rings R, = End, (E(D). By Lemma 32, (R,7) is topo-
logically Isomorphic to the topolngical product of the rings B, cadowed with
15 seliive topology. Esch Finds (EA2) 1o lock sioct FD5) 1 a8 fndes
snpombl ofeive [ T
i the well known Zelinsky's theorem [20]: any com-
ing is 4 topological product of local L. rings.
By Peopociion 3, 1, = (B £(D) it the misimal cogeasratos of .
Finally applying 3.2 once more, we deduce that (4, 7) s the topological
product of the rings Ay, which ce local 100,

35, Resans: Let (R, ) be 4 commutative L. ring. We do not know
if A = Eind (W) is commutative. An aificmative answer (o this question
‘would imply that every commutative local Led. ring has a Morit duality
(see [4]) : this s the well known Zelinsky-Moller conjecture.

4. - Doaury

Ta a cecent paper [1], Anh introduced the notion of fepelugicsl Marite dnity
(bricly TMD) 1nd proved that a L. ring is Le. if it admits 1 TMD,

Lex (&, 1) be a left Ly, ting and let (B, f) be a right Lt. ring. We say that
(R, 7) sdmits 2 TMD with (8, §) if there exists & .mu,whmu
Ky such that 4K and 4K are injective cogenerators of Ty and Gy sespectivel

Mnnmm;u,m&ngmmmzs.s«(m—m(m
and this bimodule is esseatial in K and Ky. Introducing in 8 the K-topo-
logy f, which is equivalent to § by Lemms 1.6, it follows from Corollary 2,12
that (B, ), and consequently (B, £), is Le, On the same way (&,7) is Le.
(then, by Lemema 2.1 the K-tapologies of R and & coincide with the
tive lanu topologies), It is proved in this way that if (R, 1) admits a TND

c. cmmdy, if (R, ) » thea using the bimodule W07,
by means m 2.
section we. mdr a duality for It rings using methods f:oa\[ll]
andil2|,n‘hl ining in this way a characterizatinn of Le, rings which sharpens
that of Anh.

A1, In this section (&, ) denotes 2 kefi 1. ting, 1K denotes 1 fixed copen-
n‘mn{ﬁz.ﬂ End (aK). The ring £ s always endowed with the
logy . Denoting by v the Ktopology of R(x'Cr), Eod (K} coincides with
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the Hausdorf completion  of (R, +'). according to Theorem 2.5, 50 that the
3K, s fuithfully balinced. By Lemma 16 the topologies  and 1
are equivalent.

The modules 4 and K, are supposed ahwsys o be endowed with the
discrese topology, so that (K¢ R-LT and Kye LT-By. In particular K e
2 cogencantor of ReLT.

S o the follving rls an be dofuced from [1]; howerer i

conveaient to obtain them dircetly in our pasticalr case.

Let Me ReLT (Me LT-B). A character of M is a continvous morphisms
of M in K (in Ky). We say hat  modle Mg Re-LT i oKompitnly rcaler |
if A is wpologieally isomosphic 0 o mpu[nsrul submodule of 3 module of
the form pK* where X is 4 nion empty set. Denote by B(,K) the full sub-

g L BT L i b L [
cutegory B(K.) of LT-By is defined in an analogous way. |

The

following assertion is obvious,
o) Lat Me R-LT (MeLT-By). Thes Me3(:K) (Me 3(K) if e
opedsgy of M caincides with. the woak fopabogy of the choracters of M. Cov-
cly for ooy e BaK) (M D(K,)) the choructrs of M separate
the painti of M.

Let Me ReLT (Me LT-By). The modulc of charaviers, or the dual of M,
is the module M* defined in 24. For every xe M the morphism % defined
in 2.4 is o chacacter of M*. The camnical morphism cy: M —« M** is defined
a3in 24, M is said 10 be rofexcie i i ks @ topological isomorphism. Observe
that M* 6 S(K,} (M* e B(uK)). Thereore If A is reflexive then A belongs
ta LK) (B(Ky)).

42 Lausea:

&) If MeReLT (Me LT-BD), oy s contimmsn.

B I MeS0K) (M e BED) oy e o topolegical eabdding. .

A If Mg ReLT, v ir injectire, g
Paoor: «) and 4) follow from Theorem 2.5, ¢) is cansequenee of the fact j

that K s & copenérator of LT, | v
43, Reark: Ler Me ReLT and let w be the weak topology of the |

characrers of M. Then (M, w)e 2-LT ind A* = (M, w)*, The sme bolds |

when M & £.7-Hy and the characters of M separate the points of L. §
The following statement are clear. |

) (e s apubginy .‘nwp;u i Ky, boice (R, it inpalegially
isnmorplic 1s K =

a)wuy-uup.w‘wwm.x besce (B, A% is inpelegically
hemorpbic 1o (B, f).
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The following key lemma is due o €. Menini.

4.5, Lisnw: Sepposs that aery MeS(K) U pofeie. Lot 2,36 M b
b shut y & Rx. Thow tiere osists o cbanscser T A% uch phet % w0, 33 0.

Proov: Suppose the conclusion fabse; then for every ¢ & A%, &7 = 0 yiclds
5= 0. Comsider the module MY endowed with the product topology. Then
wcm Tt 5 = (%, With 5, = x for every x & N and consider the
submodule

Hom B M

of M. H'e B(aK) 1nd H is dense in M¥ since H> M. Hence the restric-
tion to £ of the characters of M""hu an algebraic isomorpbism of (AP
on FY. By Proposition 2.4 of [16] H* = Chamy (F, 1K) s Chonis (W%, 1K)ax
2 (MY algebraically.

Obstrve that cvery element £ = (1.}, of A can be interpreted as a mar-
phism fi: (%)% — Ky, not necessarily continuous, setting f.(n-}‘.-' 15
whicce 0 (L e i £ 6300 sl slencut «11 T, sers. Slnce 4 It Gl
*thic characters of £1* are exactly these of the furm /, with & . 1o particlic
fus H™

Let 5 o= {3y With y, = for cvety n. We prove that

M Kes (f)=Ker(f)

which would mpl,f,ua« Tadeed, let & = (2 s be 20 clement of (M™
with § e Ker (£}

0=/ —E‘ﬂ.-*ﬁ-i..

Since ¥4, is 4 character of M, it follows that y ¥ {, = 0, by assumption.
Then f(¢) =3 32, 0. This proves (1), hence /e H** and consequeay
JeH. Tlscn:-n[+.wwhl\r(ﬂmdgew Let we N suich thar g, = 0.
Then y = e Kx, & contradiction.
A6, ‘Tueomet: The following covdivions are equivaions:
(a) B = End (K)o the modules oK amd Ky ure both iuic
(8) For every M e B(K) and for eery Le B(K) ibe camowival morpbims
i and o are topalegical isomorphisms,

Prcor: (a) = (). Ler M BaK) By Lemma 42 wy is 4 topological
embedding. Let us prove that sy i surjective. Consider M* 41 3 topological
submodule of K and let = be & character of M*. By Proposition 3.9 of [11]
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= extends 1o 3 character £ of K}, By Corollary 2.4 of [16] (K})* can be iden-
tified with the left R:module generated by the projections m,1 K§ —» Kz,
xe M. Hence these exist 4 finite subser F of M and elements r,¢ R such
e @ e, Sioce w0 5, it follows dat .nzrs-ﬁ. which
proves that o I sufostive, 16 L <K a6 analogous aegoment can be used
since o is ql. and End (uK) =

) = (). By Lemm &4 (B¢ 2 (R, 7" = Bod (X)), bence R
= End (K,) canonicall

To finish the pnnn(l:m must show that Ky is qi. Let L<Kyi then L
peovided with the discrete topology belongs to B(K,). Lex i: L <» Kn be
the inclusion and fe How, (L, Kaf. Then fe & will imply the conclusion,
Assume that [ A7, f aod i ae clements of Lt € 3(,K). By the previous
lemma there cxists & L** such that i = 0 and 274 0. Then {= % with
xe L since L is reflexive. Now

= Emi@=0;  R=fE= W0

a contradiction,

47. Let Dy: ReLT — LT-By be the contravaciine funcror which asso-
5 10 cvery Me &eLT its dual M* and to cvery continuous morphism
St L= M in ReLT its transposed £ A* — L*, It is casy to verify that
f* is cominuous, The functor Dy: LBy ReLT s defined snalogously,
Denote by Dy the couple (Dy, D;). Let o, and M be full subcategories
of RL.T and L7-By respectively. We say that Dy jndices @ diality between
Ao and My I Dy () = My, Dyfg) = ol snd all modules in Sy and ol
arc reflexive.

48, Denote by €(aK) the full sabeategory of B{uK) consisting of all mo-
dules topologieally isomorphic to closed submodules of topological products
of the form 4K, The modules belonging 1o C(uK) will be called »K-empars,

49, Let Me ReMod such that Homy (A, oK) separates the points of f. :
Decote by 7, the ek topology of Al with respect to Homa (M, ,K). Cleasly
(M, z,) & B(:K). A module (M, &) 6 ReLT is called jKoditortte if €= yyy. |
Denare b'y DK) the full subeitegory of H(,K) consisting of 4Kdiscreie

modules. A module e MaK) b5 nK-discrece I

Chomy (M, oK) = Homy (M, 1K) .
Every algebeaic morphism between two oKodiscrere modules iy continuous

If L, M&D(eK), then Chomy (L, M) = Fomy (L, M).
The categories €(K} and D(K,) ace defined analogossly.
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The following theorem is an fmprovemest of Theorem 6.6 of [12] and
characrerizes Le. rings by means of 2.

410, Towonracs Let (R, v) be o Ift 11, ring, oI aw icting ogusertr o Gy
with cacatial soce, B = T (oK) and o B bore the Kobopoigy (1 Fle follwing
conditinns are eguivalent:

{a) (R,x) is Le.

(@) (B,7) and (B, ) are both L.

() Bt End () asd Ky it g,

() Dy indeces . dnaity berwres BaK) and BE,).

() Ka it gd. and Dy inducer a duelity berwven D K) cad C(K.).

(f) For mory Me ReLT (Me LT-Bj) e camssival morpbisse ey i @
confinsess isaverphice,

(8) (B, ) admirc & TMD wich (B, ) indoced by the bimosinie
IF thse conditivns are saticfed, thea:

B For ey M RLT (A< L1.00) to gy of 0 s et
the weak supaligy of v,
2 D tudues o oty It B0 ol DK

Proow: (e) == () <> (¢) <> (g) by Theorem 210 and Corollary 2.12.

() == (d) by Theorem 4.6

() <= (0. Let MeD(aK). Since Chomp (M, wk) = Homa (AL, X0, i
rmm that A= & C(Kg). Now let Ma LK), set M = Chom, (M, Ky). T
g5t the conclusion it is eaough to prove that every algebraic il
S i e ¥, & et i e i tpology. Cmn-
sider oM a3 an abstract module; by virue of Theorem 4.7 from [11
canonical morphism M -+ Homy (1, 1K) is 28 isomorphism, si s
This proves that mq- algebraic morphism oIl = oK has the form & it
xeM. Fimlly ¥ is continuous when ¥ is endowed with the nite topology
peeumlls]. Lo 411 and Thearem 4,12).

(¢) = (d). The bimodule (K, i frithfully balinced and the modules WX
and K are both q.i. Now apply Thearem 4.5.

(@) = (/) snd (d) = 1), Let (A, e)e ReL.T. Sinee 4K is n copenemator
of ReLT the characters of (M, ) separsic the points of M. Denote by o
the weak. topalogy of the characiers of (Af, e). Tl:en u.f.
it clear that (A, o) == (M, 2,)*. Heace (M, 1) =
m-pa.m oy (My 1) == (AL, )" s & mpohpl:al:mofplmm. 50 the can-
onical morphism ez (A, £) == (M, ™ is 4 cootinuous isomorphism. Let
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L& LT-B; Since {d) = (£) Ky is a copenerator of LT-By and the shove
argument applies. ‘This proves {f). Let us prove 1),

Let (A} ReLT. Since o, above 15 a twpological isomorphisms and
(AL, #7) € B(xE), the wesk topology of w coincides with r;. Now, 5Cr,
hence every erclosed submodule is e<losed, On the other hand, since K
is & cogenenstor of BrLT, every e-open submodule of M is intersection of
rropen submodules; therefore every eclosed submodule of A is intersec-
tion of ry-open submodules. “This proves that every s-closed submodule of A
is also epclosed. For L LT-By we use anslogous arguments.

(/) = ). Follows from Lemma 4.24) and o).

411, Consider the torsion cliss G RMod. Denote again by T the
subciass of ReLT consisting of modules belonging to T, with the discrete
topology. By T, we denore the subclass of $(uK) consisting of the mo-
dules (A1) such that Me T, and ¢ gy Cleacly ByED(uk) A module
Me D(sK) belongs to . iff its support belongs 1w Ty, 4K with the discrete
ropologvu in B, Analoguus notations and coaventions hold for the class Gy,

Let Me %, Since every submodule of M ks closed in (M, 2, 2y i
et 0 the dscre topology of . The e hods for Ty i Ky s
a cogenerator of

5.« ArPLICATION OF THE DUALITY

5.1, Throughout this sestion (R, 1) denotes a left Lo, dng, ;K denotes
& fised injective copencrator with essential sock of Tr, A = End (4K) and
B will be always endowed with the K-topology f. Then (B, §) is 1 right Le.
ing, K, Ie a0 Injective cogenerator of T with essential secle, oK, is faithfully
halanced and f§ = fi,.

The fanctors D, and D, and Dy e (D, Dy) have the same meaping as
in the preceding section,

52, We denote by ReLG the (full) whearegory of R-LT conising of
Le. modules and by R-SLC the (full). subeategory of ReLC cons
sle. modules. A modules Me R,-LT is said to be compact (i
p.L.c.) if for every apen submodule H of M the quotient MJH is Led. Denote
by R-PLC the wheatcgory of RrLT consistiog of p.lc. mosloles, Br-LC,
denntes the subcatcgory of Ar-LC consisting of Le. modules endowed with
the u-pun topology. RePLC. is defined in an analogous way.

Let X'y be the subeategory of T, consisting of submedules of £.g. modules
Luluw t0 .. N is closed with respect 10 submodules, quotients and finitc
dircct yums. Since (R, 1) i L., every Ne X, is Led. Let BFLC be the
subcatcgory of Re-LC consisting of the modules A such that for every open
submodule /4 of M AfIH € X'v. The meaning of R FLC, is clear. We adopt
analogouy aotatiens concorning (5, f).
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53, Lisnia: Lar Me R-Mod ad axppor shet ey {2, ssbowodnle of M ir
artiniaa Thor M Js Leid. iff M i artiiar,

Proor: See Lemma 14 of [13],

54, Looc: Lo Me Ny, Ne X be both g Then:

&) M Ty,

B AN

O I t=ra, e M ENy.
Proor: Since Af and NV are fg. the duals M* and N* are discrete.
) Let Te MY, Then o5 s f.g., s

M=FRy, wekK.
&

Fom ) Amna ) ¢
i

then (ME)S w0, This ylelds if = 0, hence Ann, (S)e 7.

1) We can suppose, without loss of generality, that IV is cyclic, i.c. NV =5,
e N, Since f is the K-topology of B, there cxists & f.g. submodule F of 1K
such that Ann, (x)2 Ann, (F). Thus there exists 1 natural surjective homo-
morphism. B/Anng (F) -+ BiAnn, () =0, hence there exists an injection

0 (B = (BiAnn, (F))* = Aty Ansis (F) = F.
Since Fe T, (wBJ* € Ne.
§ I v =1, then x, coincides with the Ktopology (see Lemma 2.1) and
we argue s in #).
5.5 Lisnia: Lot Me ReFLC, N FLC-By. Thou M* & T sl N* .

Proor: Let 2 be a character of M. MZ o MKer (£) is a submodule of
oK and & submadule of & £.g. module belonging 1w T, Since 4K is an injec-
tive in Be, M2 is 2 submodule of a Fg. submodule of oK. Hence MZ< 3 Rx,,
204K Lat =

£ Ay )

Then [& Fo and (/= 0, hence Chom, (M, «K)€ T,. Let + be the topology
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of A ind et #, b the weak topology of the charaeters of (M, ¢}, Then M* =
= (M, 1) Now (M, )€ €(aK), hence by Theorem 410 (M, ,)* 6 DY
Therelure Al* By For M e FLE-if; oae srpues amalogously,

5.6. Puorostion: Lat (M.:)& R-PLC. Thow e weak tspology of the
dharacters of () coimcdis with tbe Leptiv «pmg s I (Moe) ir Ly ot
(M, £0) € COxK). AAn analogoics reslt bodds for Pi

Proor: Let r, be the weak topology of the characters of (M, #). ‘Since
oK is 2 cogencrator of ReL.T, ¢, is Hausdarff and (M, )@ B(aK). A sub-
‘{mn of neighbourhnods of 0 for (M, ¢,) 1s given by the submocdules Ker (),

Since u,m:(;),.w‘..x it Lod. and hay cssential sock,
,ll’kn(\,) iy e This yields r,

1 (M, e} is Le., then (A, e,) e complete, sa (A, 2,) & ClaK).

Denote by Rv-PSLC the subcategory of £y-PLC consisting of the modules
whose. quaticnts sith 1espect. to. 6pen submodules are artinian, PSLC-By is
defined analogously,

5.7, Prososimion:
u) RASLEC RALC, & C(uk)
B I (Ro) i ale, tes RePLC = RePSLE, . ReLC = ReSLC.
Analogous inclusions bold for (B, ).
Proor: a) Follaws by 5.6 since a s.he. module has always the Leptin
topalogy.
) Let Me R-PLC and ler L be an open submodule of M. Then

ML &Gy and ML Is Led. Sinee (8, 1) is s.Lc., every fg. module in B is
artinisn. By Lemma 5.3 ML is artinian,

5.8, Let §* be the finest topology on B equivalent to § (see 1.5 and 2.12).
A basis of neighboushoods of 0 ia (4, %) it given by (Ann, (L)) whete L
is a Led. sbmodule of WK Obseive tat esery /¢, bas fhe form
J = Ann, (X) where X is a Led. submodule of K. In fact £3 Ann, (L)
with a Le.d. sobmodule of &, hence
Anng ()< Anng Anny (1) = £,
30 X s A (1) is Leod. Since £is closed in (8, f), it follows hat

1= Ann, Anng (f) = Anns (X) .

By the definition given in 1,5 & right ideal J of B belongs to 5. i I s
closed-in (B, fy and BiJ is Led.




e
Let 6(5¥) be the subcategary of $(X) defined as follows:
B) = (MeMED: Yoo M, Anas (86 Fouf-o
(:") s defined in the same way.
59. Resuanx: If (R, 1) is s Lc. then every Lo.d. submodule of 4K is arti-
niin according to Lemma 5.3. Henee (8, f¥) is topologically noetherian.
5.10. Prorosrrion:
')A:-M M e DK ) belonge 10 CE*Y iff tbe fop. swbmocules of M are
e

) Dy indsces & diity berween Be-PLC, and B,
Analegoss recrdes boid for (R, ).
Proor: #) Let Me T, ¥ed, s 0. Then Ann,(x)e 5., hence
*B = BiAna, (x) i Led.

Conversely, let ,ug.:(x,)w&uqu:uhxs be Led. Then
BiAnn, (x]) e xB Is Led. Since Anna (%) is closed in (8,F) this yields
Anny (<€ Fpen

4 Let Me RePLC,, £6 M7, Then A is a Led. submodule of K,
hence 4 — Anny (M0)6 7,0 Since {F=0, thea M* & S(3%.

Let F bex fig. module belonging to B(3*). There cxists 4 surjective mor-
DB ~F=0  with [es.
Applying Homa (—, &) we obeain the injection
0= Hoa, (F, &) — @ Hom, (Bl K9) |

Since F7 i £ F* in discrec, 30 is cun be identied with & submodulc of
euonw.'..x.) Since B{Y; is cyclie, Honts (BU;, Ki) o Anng (7). - For
:m,j-\,:, vyt there exists & Led. submodale £, of WK such that
I A (L Gl ok (1) Bl G e <L w

Nw let M & G(3%) and let F be a . submodule of M. Since M4G(F)
is topologically isomorphic t 4 which i L., it follow that M* & R-PLC..

“This gives rise to. the following duslity thearem.
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301, Tomowess Lev (R, 1) b w it L. ving, oK am bnjoctie. esgemeraterof
By wh essential sacke, B = End(.x'm‘wuwmxw»pp Thor:
) By imdnces @ duslity beiween Ry LC, and TL®) 0 DKL),
b) Dy induies a dulity betreen Tam) o D(K) and LCo-Bs.
Pacor: ) By Proposition 5.6 and 5.7
ReLCy = (RePLE) 0 K}

By Theorem 4.10 Dy induces a duality between (oK) and (K}, The con-
clusion follows from Proposition 5,10,

I e exvitions of the preceding rivorem, 1le following ron.

{a) ReLC, = C(K).

(#) 2k i

(€) K is au inoctive cogomrator of Mod-B,
(d) By it Led

Proor: (a) = (). Follows from the fact that oK endowed with the dis-
crete topology belongs to C(uk.

(#) = (a). Now C(K)E RrLC,: the otber inclusion was.verified in 5.7,

(8] == () and (8) = (d) foliow from Proposition 1.3 of [18].

(@) = (). Suppose thar By is Lead and ler d be the discrete 1opoligy
of By, Clearly dws ¥, 0 there exists a L. submodule L of oK such that
Anng (L) = 0. Since K is 5.4, and 8 = End (xK), it follows that £, = oK,
hence o is Lod.

513, Resanxc: [n the conditions of 5,11, Jet the cquivalent conditions
from 5.12 hold. Then T(#*)— LT-H, 30 that Dy induces a duality between
ReLC, and DK,). Since K, is & cogencrator of Mod-B, D(K.) is equivalent
to Mod-8 by means of the functor D which associates to every M e D(Ky)
the underlying sbsiract module, Then the functoe DD, is a duality between
RALC, 10d Mod-B whose inverse is given by the fanctoe wiiich sssociates
1o every MeMod-B the module Hom, (M, K} endowed with the finite
tapology.

5.14. Trwomma: fu the sonditions of Theorem 5.71:
4) Dy indiwes'a duclity betaven Re-FLC, and G
B) I v vy, dhen Dy idoces  dslity betuein B and FLC By
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t a) Let MeReFLG,. By lLemma 5.5 M*eTp. Let Ma®y.
MM"gHmM'fO[l').whm.melb:f submodles of M, the
isomarphism Delog tapological. On the other hand ATO(F)ar F* 1 dis-
crete modules. Following Lemma 5.4 F* e Ny, hence M* e R-FLC,.

8 r=r, onc argues a3 above.

The Mrg.mmm;m to characterizc the %l rings (R, r) by means
of an ol' the duals of the modules belonging 10 ;.

J.«(R.v)hl denote by ReNLC the subcatcgory of ReLC con
sisting of thode Lc. modules which arc tapologically nectherian, i.c. the mo-
dules M & ReLC such that for every open submodule H of M M[H is o
theelan. Ecquivalently, M e Rr-LC and Al satishes the A.CC. for open sub-
‘modiles, The meaning of R-NLC, is clear. Analogous notstions will be
adopted for (B, ).

515, Tusomw: Undr the bypotévses of Thesrem 511 the follcwiny conditions
aqiralens:

3
(&) (Rax) ir sde.
{8 v = v and (B, f) it topuiogieally Westberian.
© f«wmm.m F& Ty there exist neN asd an imoction of £
mrmz i Fof K uuch that
= Anny ().
08 et M0 IS 115w e e et
() D udicss a diuclity beiweens Te amd NLCy-Bse
Proovs (4) <= (¥}, Follows from Propositions 2.1 and 113,
{a) = (). Since (Ryx) is e, Fin actinian, hence . So there exists
1 ibjectivn P < @ E{V,) where V/, dre simple modules belonging o Tr.
Thesefore these exisrs an injection A <= 4%
{e) = (d). BRI can be cmbedded in ,K*, henee l-nAu- (), where
(40, %,) Is the Image of 1+ Fin K%
(@) = (a). It is well known that & module M is artioiin if every quotlent
of M is .. So it sutfics to prove that for every 1 31, RU s Ee. There
exist ;i 3,6 K such thae Iwﬂf\un.(XJ Then nu...@hq.x-
This implies -lms.xugr)u essctialin RIL Since RII s L, Soc (A1)
is fg.. Therefore RIf is L.
=0, Su:ce L e, o by Theorem 5,44, 6)
Dy fnduces 2 J.amt:)eﬁ).lﬂmh




i

topalogically aostherian, ence every module belanging to Wi is noctherian,
s0 that FLC,-By = NLCy:By.

() = () I obvicut,

= (). Let [ e then BRI Te. (RINY = Hom, (R], oK) with the
A topology since A7 is fig.. On the other hand Homs (R/F, oK) o=
2 Aang (/) is f.g. by assumption. Now I'e Anny Anny (7 and ‘Anny (1) =

- i.”"" with x,6 K. This yickls [ — Aons (F) with F— [, 0 5

5.16. Rewmank: Under the hypotheses of Theorem 5.11 ir may happen
that (B, §) is topologieally poctherian and (&, ) is not sLe. Consider in fact
the ring J, with the discrete topology. Then Z(™) is the minimal injcctive
cogencrator of /,-Mod and J, is Le. and not s.Lc. ‘I this case (8, ) coin-
<ides with the ing /, endowed with the padic topology. so. (8. ) is fopo-
logically noethesian,

5.17. CoROLLANY: Undir tbe bypocteis of Thesrem 511 suppose thot + = 7.
Then tie ulling conditions sre equivalont

(8) (R, x) i dopobagicaly weetberian,
@ D) it e
() D Indues u duslity beivesn ReNLC and By

5.8, Let (K,1) be a left Le. ring. A module Me ReLC s said 10 be
wbiolately dinsarly cempast (3.1} if Af is topologically artinian amd twpologically
e L Bl e VDot I T IS i b
of M, MH has finite lengsh. In particular such & module is s.l.c. and bas the
Leptin topology. Denote by ReALC the sbcatcgory of Ri-LC consisting
of ale. modules. The category ALC-By is defined snalogously.

Suppase now that (R, 1) is a.le. Then R-LC = RelCy m ReSLE since
alc. implies slc. Morcover, every f.g. module of T has finite length, hence
BeALC = ReFLC = ReNLC. In genessl ReALGCE RASLE: ke for
cxample the ring /, cadowed with the padic topology; then J, is ale. and
F{p¥) is 5., but not al.c, in the discrete topology.

The following result is due essentially to P, Gabricl (cf, [6], pg. 395} and
follows. easily from Theorem 5.15 and Corollary 5.17,

5.19. Tuponiss Under the bypotbeses of Theatrm 515 the fulowing conditions
are eqrivalent

(@) (B} i At wdes

() v =y and (B, ) i right wie.

(&) Dy indoces & aalily between ', and ALC-B;.

() ¥ = vy ond Dy induces e duality beiween R ALC and Ty
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Proov: It s enough o prove (5) <= (d),

(#) = (). Carollary 5.17 says that O induces a duality benween ReVLC,
and By. Since (B, ) s 1.16, (R,7) is s.bc. 100, hence AeNLC, = ReALC.

.r; :(t). Since: K.s&. 7= (R ra) e ReALC, By v, (R7)
Rerce L ) In

520, Revuanx: It may be shown thar if (K, 1) is a left alc. ring with
Joecbscn il J then [) J*= 0., (Sec (6D

321, Comparisen betwven the diality Dy nd the dlity of Oberst for the ehurs

T of @ rhe. ring.

Let (B, 5} be a left sile. ring. 4Ky, (B, §) etcn, h-elheunﬂ]mﬂ]ﬂg
Since G, it 4 Grothendieck category, we can study the dusl category of T
in the sense of Oberst [15], using the couple (X', 1K) and taking in sccount
Theorem 5.15.

For every Ma Ty, the Oberst-dual of A is the right B-madule M’ w
= Chom, (M, K) endowed with the twpology o haviag ns 3 basis of neigh
bourhaods of O the submodules O(N) with N< M and Ne G, If ¢ is the
topulogy of Af%, then £C#, 1t is not difficul ta prove the following:

) rm-m_fyu.u ..9. MJ.K cuinaides with B, 0 tbat

Al'e LT-By for evvey M

) h-m;.uem.m'afu 25 hat sbe bopodegics & and o are equivelent.
By our Theorem 3,15 and by Theorem 54 of [15], the assignement M 1 M)
defines a duality between B, and the subcategory STC(H) of LT-By con-
sisting of all sirict complete and topologically cobesent modules (cf. [15],
P8 486). In our case STC(B) coincides with the subcategory SLNC-By con.
sisting of the modules Z & NI.C-By which arc strict, j.e.: LEthr.lmd
submodule of L and £/ & Xy, then H is open in L. Consequently
Rories NLC .u', and SLNC-By are equivalent. If (L) '.ruvca,, in
peactal

6. - EXAMPLE OF A STHICTLY LINIARLY COMPACT KING
WHOSE DISCKETE FACTOR MODULES ARE OF INFINITE LENGTH

The existence of s.c. rings which are not ale. was proved by Leptin
(sec [B]. pu. 298). Nevertheless we think diat the following cxample has some
interest.

6. Let Rhea oerherian loeal ring with ek .
Supposc that R is non artininn, equicharacseristic snd complete in its K-adic
topology. K = RiM. i the maximal subfield of & and &= K@ so that
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every ra R may be written in 2 uoique way in dhe form.
o) rentn  (neKnel).

Lex 1 be the injecive envelope in R:Mad of the unique sjmple R-module
RJu& and consider the bimodule 1Hfy, We cxtend the sction of K over H to

For eveey sce H, x4 0, there exises s N such thar Ann, (x)545

62 Let B H LE be the wivial extension of # by R. K is the ring
<consisting of the couples (x,r), x M, re &, where the addition s defined
‘poinrwise while the multiplicarion is given by,

EA )=+ =)
Observe that, |=mdmg 10 (1), %1 = 7, The identity of & it (0, 1) and B

is not commutatiy
LﬂW(.H’mdletlkapmpa[dalch. “Then

@) N@T is a proper bft sdesk of R.
In fact let (v, )= NS L, (7, He K Then
(5 900, 7) = (o b griar) = gy, ar)

since yr = 0 being /<K,

Let N and [ be as above. Put

K={(x, 00 xeN}, I={{0,):rel}.

“Then N@ ! coincides with the internal direet sum N@7. The following
statement is_ obvious.

) Lok Lo el enk ff R consistins of clomeniz wibase st (sesmnd) eosspoara
it gere. Theu L is of tbe form T with I au ideal of R (N with .N<.m
R is 4 local ring with maximal ideal £® &, since every element belonging
to BN (H® &) is a unit in B Thus J{R) = HE M and R (R) = K. H is
a two sided ideal of F and R o R.
Note that for every (x,r)e /() and for every (y, 1) R it is: (w5} 1) =
- (y.re)-

6.3 For ey we N, the oyelie Ioft Kenoodwle R ir artiuian mor soetlerian.
Indeed H/(R) is 2 left R-module of finite lengrh. Moreover

sy =X s o T,
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Now, by ) and #) of 6.2, 5 is artinisn ot nocthecian, while 0 has finice
leagth since, fur cveey 70N, pA* is .

64, Endow K with the Weadic topology v, by taking as a basis of neigh-
bourhoods of 2610 the feft ideals A% we N, Note thar 1 is a ring topology.
In face let we N, (x,r)u H. There exists o such that 42 Anng (), Then,
Then T, 1S () s Homsdont sioce (1367 0. (I, 7} 1 com-
e e topology of the discrere. topology
on H by the Moadic wpology on R,

“Thus (& =) is & complete left |
Tt follows that (R, 7} b s.ke. (K,

65, Reascarx: Lt o be the ordinal of N. Then:

SRy = (1 Ry = H 40,
Hal
IRy,

Ta fact J(RY /()= FH(A @ X) = 0.
We now illusteute briefly the structire of " and that of A = End (51P).

ing and for every /e 7, Rl is atinian.
is not ale, by 63

6.6, Tz wopuis g, Put g0 = Ei(17), where ¥ K(F) is the unique
simple left Romodule. V oy BM and # is the injective bull of I in R-Mod.

Consider the R-modile Homg (%, /) and endow Hom, (R, i) with 2
steucture of lefi R-module in the followiog way. Let $& &, fe Hams (%, H).
Put

CNW=fEE  (eR).

Denote by pE the R-module obtained in this way. By a routine check,
infective in #-Mod.

Using the following isomorphisms of Rmodules

(&) Hom, (R, H)ox Homs (H® R, H)
ox Hom, (H, H)@ Hom, (B, H) o R H

the clements of g5 arc Ihtmph {r, 6] with £ B and ke H. As 4 mor-
phism of X in H, [r, b} scts as follows

Iillwe=rctab  (mash).
The scalar multplication on. 3 is ghven by
O B)ln 4] = Loy 4 89)
whete b = b, 4 by acconding ta (1),
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The map i s [0, 8] identifics 7 with 3 sobmedlule of ,;.. wluc‘h we denote
again with H, nd it is casy to show that / is cssential I e 517 is a0
esseatial submodule of o, o coincides with the m:mn:ul lqml\-c cagen-
erator of R-Mod.

It is also easy w0 show that g s torsion # that g = .

67, Rusanes:

4) Tt is nor difficult to show thar the K-smbmodule Ko H of oW i
morphic 1o B/ The center of X coincides with the trivial exten-
sion 1 1K, which is fsomorphic to the endomarphism ring of B/

4y The ring R = H@ 1R is lLed. In fact, using the maural inclusion
R R (rva(0,) the Rmodale i@ & is cleatly Led. On the
other hand, every left ideal of R is an Rsubmodule of [ 2.

€) Let A w End () and let o be the finite topology of A. Applying

aeoliary 5.2 to (A, a) we sce that W, is Lo,

) oW s not Leal, since yWUH is no Led, Namely the sction of K
an WL 1s the same us that of K, thss IPJH—s a lefi R-module—
is an infinite direct sum of simple modules,

¥} Since g
of [13].

the ring X gives & negative answer to Problem 2

6.8, Tum s A = Eod )2 It is easy to show that o7 is gi.; hence
3 is a fully invariant subrmosiule of its injective hull W, Let f& A, Since
HYE H, fly acts on H as an clement belonging to End y(H)=End (1) and
thus 1 is the left molplication by 1 usique element 5,¢ R, Then for every
beH we bave:

[0, 1= (0, 721

Let re B Taking aceount of the stracture (2) of oW, it Is straightforward
to see that

I 01f = tr J )

where 7 is a K-finear morphism R — 17, uniquely determined by £ There-
fore for every [r. 4] €l we have

@ i fo= [5n F0) 5]
Then f may be represented by ihe couple g, 7} and conversely any such
couple gives an clement of A by means of (3).

The addition of these couples, 5 endomorphisims of 4, is the pointwise
one, while the multiplication is given by

Q) ]

Frotndl

A=l
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where, for every re R,
6) (T =TEs=afi)
© (BN = &3 = &)

- Put R = Homa(R, 1), The mapping (?.-,;H ;,P
tare of right R-module, while the mapping (1, es & stracture of
left: R-module to A Then by (4), (3), (6) 4 ey i ibe R
sion A = R1® R

Fimily the finite topology o of A coincides with the product topology
of the ﬂmmpuhxr“ﬁﬂbrrkﬂuslnl&m:opoh"mﬂ Clearly

{A,a} is Led. and topologically noetheelan. Obviously J(A) = X@ 8, wo

is local.

ides & of 2 strue-

7. - THR COMASIC RING, THE GRADE AND Thil BASKG RING
OF A LINEARLY GOMIAGT RING

I thie whole of this séction (R, ¢} denotes 1 fixed, but arbitrary, left Le.
ring, (V) 4 system of sepresentatives of non isomorphic simple modules
belosgiog to G, Dy FEndy(V3), a8 the minimal injective copencraor
OF T, 4 = i (99 8ad 1 she Pl copclogy. ‘o A, T (e s
cight Lc. and AY(A)ax [[ Dyi By Lemma 21, o ay. Moreoves W, =

- B_@_D;J), eyt Y

7, Durwstrion: The right Le. ring (A, o) will be called the sobaric ring
of (R,x) and v, the grode of (R, 1).

72, Lawan: Let (Ryx) bw a bt Lo, mg,r.wm-ph,p..xm
miated] igfuctive ongestrater of Tus Thou oK and IV are iomorpic in

Proor; Since 1 and 7, arc equivalent topologles, ¥, and 7. have the

mhﬁdmndmnlmlndnh sam.neuldaumopm,(v;,,,u.
o sspoatives. of pon Hamoiphic sl modulés in T

E=E m:/) in R-Mod. Then:

aK e f(E) < (B = o

i e b e, by emom 21, = Witopslogy of € cloclis wih s
40 that ol i 8 v, tision mdule. Thus 4(E)< (5] nd
An impartant consequence of Lemma 7.2 Is that (R, r)lnd(R '.)mm
i i e e,
stbam T S i, 1) sl Wi 5 3050
l.nglﬂl ettt byt cotkile g mad e i
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73, Losw: Le s it Lo rieg b chor AYLA) o T Dy
v dhy Dy are division vings, Thon dhy D's—as simple right A-mesdni—srs
@ gyrtem of representatives of nom issworpiic vispic wodules in .
Paooms T & el ko e (1) s Jtenion ool g il
open idesls of (A, o), so that J{A) is clnsed in (4, ). Let & be the quotient
topalogy o AIJCA). (ALJCA), 3) is Le., the simple modules belonging to T |
are in a natural way simple 4(/(4) modsles belongiog to Ty, 4nd vieo versa

“Thas we can suppose 4 [] D Sioce o4 i then smiprilive and by 3.

7 colncides with l‘hg product topology.of the fnlse topologies of Dys. For
a fixed pe s elear thae Ann, (00 o [] D5, so that the simple mnd-
ales D, wea. faie wite 5ot Iormocplie, siacs they Davé difesent arabilicoss
By the knowledge of the right maximal ideals of & catesian product
division rings, we sce that cvery mazimal open (or closed) right ideal of (A, 0)
is of the form [] Dy, sinee the atber maximal right ideals of A contaln G D,
and thecefore are dense. 4o

T4 Lewuss Lo Me RMod b o sedmple woduls and sappese thot
Endy (M) is rbe cartecian prodwer of the divivion ringr Dy, ye I Thn M ir'a
direct s of now Frmovurphic rimple medles,

Prour: Fix a decomposision of M as 2 direct sum of simple modules
and et M, 54 M, be two disect simple summands of such a decomposition.
Then My Afy: otherwise, partiog 2 — Eady (M), End, (M, ® ) is the
ving of 2x2 matrices aver D. ‘This implics that Enda (M) comains non zero ‘

nilpotent elements, which is absurd,
T Timoss Eit (o) b i L5 g, o Ut = oy md A=

= [ D, where she D13 are disisio rings. Let 3= (ry),op be @ Totiapl of cardinal

i el extitr w Jft L. ving (R,7), such that v =1, hoving |
e v, wnd cbatic ring (A,3). Sweb wn (R, 1) ir wighe; up o tepoiegivel ise- 3
morphiim. |

Proor: Consides the sight A-module

V. m B D).

W, is an injective object in T, and, by Lemma 7.3, it contains a copy of every
mple o-tortion module. Thus 7, is an injective cogenerntor, with essential
socke, of By, By Lemuma 2.1, 0 = o, coincides with the W-topology of A. Put

R End (W)

and let ¢ be the Winpalogy of R,
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By Corollary 2,12 and Lemms 12 we have
1) (R, 7) bs e L.
2) ¥, is faithfully balinced and 0" is an Injective cogenerator of G
3) Soc (W) = Sac () and Soc (o) i exsential in o
4 emra
By 2), AW has & submodule 4K which is isomorphic to the minimal injective
cogeneentor of Ty, Let us prove that oK = 47 By Proposition 2.9
M(E*GV))EAJJW—ED'-

“Thue, by Lemma 74, Soc (a") is a direct sum of ot isomorphic simple
modules.  Since Soe (xK) = K 1 Soc (IF), it follows Soc (K} = Soc (JF).
By 3) we bave now the essential inchisions

Soc (W) <akeal?.
Thus, since 4K is 3 direct summand of oI, 2K = ,W.
Ko fF = (@ V1), where (%) AR T s IV R v

Ssomorphic sifaple modiles beloagio to Tr. Pultting 5, = End (), we heve
1, = 5p9 whete the p's are sultable cardinal aumbers, and the 5,'s are not
issmorphic simple right -modukes, Therefore

Soc (1) = Soc (W) = S7 = @ DYV
&
where 5 and D7 ase hotypical componeats.
The, up to 4 bijection, aad for every &1
St D=V,
Tt follows Sy Dy g vy foc cvery pe It 1t s aow proved that (R, 1)
is a left L. ring, such that v —r,, having grade = (1), and cobasic
sag (A, o).

Fimally, lec (R, v}, (R, v') be left L. rings such that 1 = v, and r'e 7.
Suppase that they have the same grade and that the respective cobasic rings
(A 4. (A, ) are topologically isomorphic. Let o, wlF” be the minimal

ive cogeneratocs of T and Gy tespectively, Then
Vo-E(@y) i A =12

B @;y’;--‘) and A‘U(A]=g.D‘.
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Smc: (opis mpnlugmnv isomorphic to (', ), Ds = D, for every ye I.
spological isomorphism. Thea g induces a semilincar
1wmq>mm uf n" e Wy, By the topological somorphicms

(R, v) 2 End (P}, (R ) 2e Ead (W),
whete the endomorphism rings have their finite topalogies, we obtuin that
(R, 7} and (R, v} ase wpologically isomarphic.
7.6, Let (B, 1) be 8 ket Le, ring. Denote by K, _5.@,)1:,) the minimal
T
injective cogenerator of Ty and by M, = 3 £(Dy) the minimal cogenerator

of . Since (A, 0) is Le. and 0 = u,,, o coiackdes with the Ktopology and
with the H.ctopology (f. Lemsmara 2.1 and 22).
 Since K. ia  direet Nmuuad of Wi, there exists in & an idempotent
ela, = 1c,; Putting T eRr, we have
End (K.), Let i be the X—ln;(»]up of T, Then the bimodule 1K, is
Gaithfully blanced, K, and oK are bath s, (T, ) is left Le. and = .
(7, ) will be called the dosi ring of (R, 1]
(7, ) is uniqucly detcrmined, up.to topological isemorphisms, by (B, )
since (T, 1) is the cobasic ring of (4, a). We have:

TUT) s T Dy AA) -
B
77, Pravosvrion: The fopaingy f of T == v Re colucides with the relative dopo-
logr of 4.
Proor; Let s prove that, for every xa ¥
Ancin (%)) T'o= Aniny
from which the conclusion will follow.
raAnny (90 T re op with re R and rx e 0 g 0 o
= ere(ax) = 0= r & Anng(exd.
Converscly lec 1€ T, £ ere with r& R, Thea:
16 A (o) == e o= 0 o (eraf{is) = 0 52 e m 0

78 Ler ye 0 and w3 H,—H, be the peojection of H, onto Bl D),
whane hernel s @ £(D). Cletly 64D 1 the Moty 00 (D)

Looking st s 4t & moephism of 13 onto B, e extends to a0 endo-
moephism & of Ky, since K, is q.
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CGonsider the disgeam:
Wt K K
Then fece T. Pue tyeetior,
7.9, Puovosrion: Thy following comlicions are. eqrivaients
(@) The famify (e} o is mumabic i T (scc Definition 8.5) and 5’,— "
) Ki=Ha
I (Bux) b s e above camdidions e fulfilhd.

Pavors (e) = (8 Let e K, 594 0, 7= Ante (8). Fls apen in (2.
“Then there exists & faite subsct  of I such that Sy re /. This means:
A

xmex =T o).
Ed

Since ()¢ Ha, & Ha.
45150 T T b Epcoi WAl (T, PN ot e s
exdsts & finite subsce Fof I such tha
F=qAmi(ads  we BB

et us prove that for cvery finte subses [ of 1} 3 It b e,
wiiich the
Given 76 FAE () m 0, by, defmition of 4 'Thea r.,um, e ki
Lz:r.](;_\-a.(n,)-—,(x_g-x__x,- 0.

It fallows Sey—es /.

Flomlly, i (,1) i b then. (A, o) 18 ipolagically octherian, so thar
K= Hy.

710, Prorotriaes: L«I(Rv)hn#jrl.; ring ved thai v s vys Thes
(R, 1) dr xde. I btr basic ring (T, f) bs £

Faee: By Tiooest 815, (fr) s el i (b Y i cpolagiely e
therian. Since the m-iulﬂ-!.l-ﬁhMullyhhud the topalogics
and o are the K-topologies, it follows by Lemma 2,13 that (A, ) is topo-
logically poethetian if (7, ) is s.lc. |

AL Resare: The ring ® considered in Section 6 eoincides with its
‘Basic ring. The cobusic ring of & is A (6.8).
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B. - LINEARLY COMPACT PRBIARY RINGS

81, In this seccion we apply the preceding resuls, in particular the repre-
sentation theorem and the notion. of basic ring, to the study of Le. primasy
rings.

A Jefi L. ring (&,7) i said 0 be primary if tz}cm is topalogically lsc-
morphic 16 aa endomorphism ring End, (V) where ivision ting an
Vs & right vector space over £, Dennte by v the dlmcnsu)u of V over D,

In this case, comparing with our usual notations, ' has 2 single element §
and V=V, Dym D, e,

The main sesults on Le. primasy rings are due to Leptin [8]:

#) Bvery Ieft s, primary ring (R, 1) is 1opologically isomorphicto

the riog of column-summable >y marices over a losal v.Le. ring.

#) The same rerult is valid whea (& ) is & Le. prinsary cing of finite
grade.

Leptin peoved b) requiring additionally J(R) ailpotens, but recencly Anh 1]
established B) without any sestriction on J(R). Both used lifting of idem-
potents.

Concerning @) Leptin asked in [8] whetber every Le. primary ring of infi-

grade s aecessarily s.Le. (3 &, matrix ring of fafinite sise is accestarly

s, nceanding to [B). Ao answered segatively displaying & counterexample
in 1],

‘The resulis from Section 2 and Section 7 enable s 10 give & short proof
of 4) and §) aad to give a necessary and suficient condition for a L. primasy
ring to be a.c.

B2 Let (R, ) be a left Le. primiry ring. Then ol — Ei(1), bence the
basic sing {4, o) it a right local Le.
ive abject of v, Moreover A s primary, since A
jon 710 (R, ) is silc. if (4, 0) is mmmg;mn, noctherian,

Remark that the ring considered in 6.8 It Le., peimary and topalogically
noetherian, but not slc. The cxample of peimasy s, which is not
., given in [1] is not topologically noetheriss

The basic ring (r Ffed e e s (hence primary) L. riag. I
is ke, i (R, v) is

In geaenl 7, — F_(D-J. W, = BD) i (R, 1) is sle, or v s fnite.

Now we recall some facts about the eadomarphism ring of & diteet sum
of copics of a module.

83. Let T be a left L. ring which is complete and Hausdor® and lec 4
be 1 non empy set.

A family (), of clements of T is said 10 be mmmable if for cvery left
open ideal 7 of T there exists a finite subier P of A wuch that for every
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HeANF, el Sening sy T, the above family is summble if the
it () in comvergent in T, when & run avee the se of it subies of .
The limit of (x,) will be called the sum of the family (v,

Let ()0, be o sutenable Gemily of clements of 7. 1 {1),,, 18 an ubl
trary family of clements of 7 and if £ 7, then the families (%), and
(x.l)m are summal

Denies by 7 the ring of eolumn-summable 1.4 matrices ovec 7 In T
we coasider the element-wise addition and the row-by-column mliplication.
This product is well defined.

In what follows every ring of the form 7 will be endowed with the
topalogy defined as follows,

Let I be a finite subset of A 4ad let [ be a lefi open ideal of 71 Denote
by WF(F: [) the left ideal of T consisting of all matrices whese peth cohumn
belongs to /4 for every c F, Denote by i the ring topology on T which
has a basis of neighbourhoods of 0 the family W(F; ).

B4, Let B be a riag, K, & Mod-B and let (K),,, be a family of| c
10 Ky objects of Mod-B. Set Af = @K, and identify each K, with a sub-
=

madule of M using the canonical injections.

Fix an index 4 A and set for comvenlence 7 = 1and K K, For every
A€ Ex an isomorphism 4z K K. Pmeuuyl e A consider the iso-
morphism J,,: Ky —» K, givea by iy, = dier: . Then iy Ly, and fsi, = f,,
:-;.pmsd For cveey 4, waA et 4, be the eodomorphise o 3 do-

by:

P R L

St o= ry. Let R Bad, (M) and cndow R with the Matopology .
Then (R,1) s complete ind Hausdork, Morcover: e family (s}, ir -
mable 1 (R, ) ond 3y = L.

Set 7= End, (K.} aad T~ End (K,). Consider T and 7, ay sobeings
Gf T in the obvious way. Then T, 1, R, 1, Ko, 1, Rey, for every
A ped. For evesy ded thew is an isomorphism [ s o,8for, (o T).

8.5 The relative topology of T,=r, R, coincides wuh mc Ketopalogy
(s¢¢ [3], 4.3). Consider the applicstion z: R - T, given b

) = (enefenie (e R).

8.6 Tuwonsst (|3], Theorem 14): The map o is a spolegicel omesplicer
of (B, v} onia (T, ).

87, Tamonsat (Leptin [8]) ¢ L.J(Rw)hamkﬁhmmﬁw
drade n, The (R, x) ir sopologieally issmerpiic do T, adere T is the bassc ring uf
R ondswed with the relative opolegy.




e
(DY siace n L.sme. By Theorers 214 (&,

topology. By Theotem 8.6 and Proposition 77 Lnd(r!/_} s topologicilly
fsomorphic to T, where T has the relative topology of ry. On the other
hand it was proved in [4] that if 7 s a subring of 2 |npain;|ﬂl ring (£, 7}
wich ihat & o T, algebraically, then (&, ) o 7%, topalogically where 7 is
endowed with the celative topology.

%8, Resank: Let (7, 70) be o left Lt. ring and 1 1 finice set, It is casily
checked that T is L. i T 1 Le: Tt was proved in (8] that, if .1 is infinite,
then Ty is Le. iff Ty is s.lc. and in this case Ths sk

89, Tuwonest (Lepein [8I): Let (R, %) e a prinary b L. ring of ininite
rade v. Thon rbe foliowing condisionr are eqeinadest:
(8) (R, ¥) i ride.

A1 I Moy D . e el .
sricet, aner ity bl ring T

Proov: () = (b By Theorem 214, (R,v) Eed (W) and W=
w E(DY?. By Theorem 8.6, lind (W) 2 T,
®) = () Follows by Remack 88,
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