IVOR GRATTAN-GUINNESS ()

How it Means: Mathematical Thearies in Physical Theories,
With Examples from French Mathematical Physics
of the Early 19th Century
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“The history of pliysics is one of the sirongest hranches of the history of
science today: & remarkable range of past developments is collectively studied,
covering both many periods and a wide variety of topics. Vet a rather aotice-
able lacuna beeomes cvident, cspecially for the 1Bth centary cawards: the mo-
desty of the pluce assigned to mathematics in those pacts of physics where it
actually played a promineat role. It is common to fiad in historical writings on
physics mere meation of mathematics here aod there, and/ot statcment without
discussion of a few formulse (often stated in anacheonistic notations). This is
a pity, since significant aspects of some. fnﬂl of the histary of physics are thereby
Ieft out of the story. Indeed, important iatiractisus hetween mathematics and
physics can be passed over, not oaly in those cases. wilm the physical problem

motivated the mathesmatics to be created or adjussed in the first phace but even
when it was available already.

Before proceeding to any historical cxamples, let us think sbout the Kiads
of physical problems which are raised by the presence of mathematics in physics.
In § 2 T outline three general Issucs pertinent eo this theme, snd in § 3 1 adjoin
three physical aspects of physical thearies, wherher or not mathematics is Invol-
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them. Then, § 4 contains brief notes on the historical time-period to
which I have chosen to apply this philosophical secnario: the broadening of
‘mechanics into matheruatical physics in Franee during the approximate. pesiod
1800-1830. The resules of this application are sketched in §§ 5-8.

2

EE MATHEMATIGAL TSSUES

The first trio of issues are basically independent of cachs other.  They may
be summarised 25 follow:

21 = A spesteam of wpplications
It is not suffcient ta think of mathemsatics used in physics without distin-
ficrent kiods of usage that may be made, At Jeast these four are

4) Mathematics exccuted mithonr physical intespretations: being made, but
dléarly with some in mind; they may even provide the motivation to the study.

#) Mathensatics cxocuted and pplicd to a physical problem bt with the
ity of the application somewhat lost. To take some esamples, & mathemati-
il expression is developed far beyond any means of experimental ot obsery-
ational test; or the expression is immuse to sumerical calculation, and may
0t cven yield predictions of genenal behaviour; or the whole problem is 5o
over-simplified at the start that the application is uscless; or & condition is intro-
duced which does nice things to the mathematics (seiting two constants equal
1 each other, say) but has no significance for the physics whatoever; or the
units and dirsensions are only vaguely specified.

) Mathematics cxecuted and spplied to o physical problem but with goi-
dance from the physical problem maintained. “The traps listed in b) thould thea
be avoided.

) Mathcmatics exceuted in some selatively general way and then adopted
and extended to cover particular chasses of cases. The mathematics of englnec-
ring often bas this chamcses when some kiod of machine or deviee tikes the
main ioterest

Theoretical and experimental physics, where mathematics plags linke or
fo role, could be seen as framing this quarter,

2.2 - Stracturs-similarity

A plece of mathematics M has a certain structure, and some outcome of
Jt is interpreted in the physics P. To sat exvient dho the componcats and the
suructure of M find interprotation in P2 For example, does an incgral sepre-
seat some ares oz sumin P, o docs it arise solely in M iuelf? Agais, if an intes-
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¢ s the sum of 2 and b, arc « and b themselves so interpretable?
The answers 1 such questioas can. vary. caormously, not only from case t
cmsey: but within & ease, cven Foey Hing o line in's. mithéraatical ‘deducdén.
For example, the formation of a differential equation and its solution will, to
some extent, refloct 3 supposed structure of the physical situation; but the deriv-
atian of the salution could involve manipulstions of ne significnce for the
ph';sln atall.

“The |pp|smnnu of the resulting mathematico-physical shvmy w the warld
is-a scpanute matter, raised in certsin ways in § 3

2.3 — Matbematical Dexloreisen

1 peefer this German word to-the English * style ", hecavse of its connot-
atién of theorics as such. There arc many " styles " in mathematics; 1 shall
confine myself 1o thiee important anes which are of especial prominence in the
period under discussinn latcr. Firsely, there is the geame/rical Denieise, in which
geometrical thinking s given prominence; perbaps (though sor necessarily)
fignrcs are drawn. Sccondly, we bave the aigrbrsic Denkavise, in which aot
mercly symbols sre put down and manipulated — at a reasonably high level
of stady, this is always likely t happen — but a cerain dependence snjy on alge-
braie forms is evident and avoidence of other styles is awempted, Thirdly, we
“ analytic " here 1 ntend branches of
analysis, and the uie (to some Jow
limits and l‘uniring jprocesses.  This is to be distin-
1o “ syathetic ™, which s a distinetion
in lgic between types of proof-aetiod which may occur within any of the
Denksisen ouitioed above (2).

‘While the distiactions between these thee ate nos sharp — indeed, 1 shall
ot ta two “ mised * pasitions in § 5 — they re seill of substance. They
reveal themselves most clcatly in the peincipies Iaid down for a given (physico-)
mathematical theory, and also in some of its consequences. ‘They are ml fo b
identified with the sabjecér of goometry, algebra and analysis, although they may
well_sppear. there. scvenlly.

Their importanc arises partly from their tenacity on & holder's thinking,
With very fiw exceptions, and no sriking oncs, 1 man will hold (o bis Disk-
aeize throughout his carcer as much 23 posible, even if his fesearch interests
ehange; and he uses it in his mamuscripts as well a4 in s publications (in those
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cates wheee 1 have found manuscripts, anyway), so that it is not adopted for
some policy connected with going into print.  The question of its greesir thea
arises; and bere 1 have littke to offer, | am afruid Pare of the answer may lic
in educational inflacnces; but then the question is posed of the competing ver-
sions adopted by contemporaries at the samc time. (The pesiod 1o be studied
Iater is full of examples of this) So we may have to mave inio psychalogical
questions to pursuc the mattes further. Such an cxereise, however, is ot atemp-
ted here.

3. THREE PHILOSOPIICAL ASPECTS

1 niote here three companion fssucs which ean aise in any scicntific theor-
ing, and provide some special points of {ssue with the trio just described when
riathematics s akso playing a tolc; for they arise in mathematics foelfy

3.1 = Gemerality

One feature of the history of physics is that from time to time & theory is
put forwasd as & general * rescarch programme"” (a4 philosophers aze want
o say) which cncompasses & wide range of phenomena, at least in theit basic
essentials, ‘This progeamme will then cxcrt inflocnce among its adhecents upon
the mode of theorising to be attempted within & given part of that range: con-
versely, the success or failure achicved speaks ro the range which the progrmme

or cannot cover.

Within physics these procedures ruise questions cancerning the relation-
ships between the varions parts of this range; and also related fssues, such as
the status of an analsgy and its possible conversian into range membersiip (sa
that two kinds of phenomena are held not merely 1o be Jiks cach other, but anc
is reducible to the ather, of cich reduce t something elsc), Within mathematics
the same sor of situaticn ariscs, and i itself an intercsting cxample of structure-
similarity, The connection can increase if both a pliysical theory and its attached
mathematical theary are each bring subsumecd under research progrmmes,
especially if stracturc-similarity also, obtsins between them,

32 - Experiertisbility

Mankind learnt long sgo that the meltitsde of effects in this world s greater
aid mote varied than his seasacy means can encompass; und cestain kinds of
philosopher hold that only the (so-<alled) directly expericntiable components
be sdmitted inm scicatific theorics, with the rest assigned 1o the fapuu de porier
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o cven tanishuea. Less bard-ine posiions gant s scope forthe oon-
experientiable, and some will openly assert the nced for ol

elements in thearisiag. Fer some thinkets, expericatiable facts constitute mnlu.
while the trans-cmpitical must remain always. hypothetical (3.

Mathematics nat being an empirically refutable body of knowledge, the
same cancerns do not spply. However, similar ones can arise fa connection
with Devkwvises, for example (§ 2.3), if a geomerrical thinker associstes his pre-
ferences with an empiricist epistemology; ar if the physical guidance of mathe-
ratised theories (§ 2.1) is held to constiture an capirical sule; or if structure=
similasity (§ 2.2) is to be so restricted.

33 - Simpiifcation and desiveplification

lq;, we are all agreed on u.e mmpl.lﬂmnl of the pheaomens of the worl,

and the need 1o construc-
tion of theories, Now ane way in which a scientific theory develops is by &
process for which 1 have proposed the term “ desimplification . Here atrempts
are made to take account of simplifications already kewwingly made; for example,
to abandon sssaming that & temperatute i constant and allow it to vary, cven
if only by a simple law; o¢ to take note of the totation of the earth; or to replace
the * ideal * smooth. tope by something like & real one; and

The tonsequeaces’ for mathcmatics are very inteesting. Desimplification
may tequite aly using morc terms in 4 serics, say (although tha could be hard
to effect), but it could demand radically new mathematics, even if the physics
is aot avsch changed (for example, the new integral bas 1o known evaluation).
Agala, the sccumcy of a requited numerical prediction will increass, and fresh
numserical methods may have to be brought in.

Note that the level of simplification of a theary is indipesden? of the extent
to ‘which structure-similasity may between the mathematics and the physical
Interpeetation;  simplification could raite the estent, not lower. it The level
also bears upon whether the application is, or becomes notional, and in decrease
a5 well as increase: numerical mathematics can manifest notionalism.

Lastly, and most impostant of all is the greatest danger of simplification:
it oes toa far, and the theory is just wioag.  Desimplifiation from there may
be 1o no avail, unless it i also mdical and lucky.
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4 Tre Fromen cospmnary; 18001830
T shall apply the sceaatio of ideis (#) outlined in § 2 and § 3 to 8 case which
et Freach mechans ical physics during the Revolution
and the Restoration. - Since various names will be used quite often, it will be
valusble 1o provide here a bricf account of the social and personal circumstan-
ces undes which these smdies were eiiecied. The word * bricf ™ is quite inpor-
tnts. the pascity of derail masks  large mumer of inssimutional modifications
and social complications.

4.1 = Teacking contres

It is habitual, and also reasonable, to commence 3 survey of the educational
establishments with the Exode Polptesbmigns. Upon fes founding at the end of
1794, it gave @ threc—year basic traning in science and mathcmatics (reduced
i 1799 to two years) for the pasposes. i d milivary caginceri
The school was militacised in 1804 by M. Bomaparte (soon to make himacif
Emperor Napaleon); but public service remained an impostant activity for the

iechwicien graduatcs, and slmost all of those who will intercst. us followed
his line andfot took teaching posts thesuselves (5).

After. graduation, the pelyechwiien usually sp<ot shres. years. in a specialist
isle Lappiication befor beginning his career. T contrast 0 the interest taken
by the historians. in the Eale Pelytechuiqw, these schiools ase largely unstudied;
and yet a3 more advanced institutions, they could have exercised & goeater in-
fluence on the formation of its stodents, The Easle des Ponts o Chasissits is worth
a0 especial study, sinee several of the more mathematically minded swudcats
passed through there (6). Tc was in Paris; most of the othet dwies d"application
were provincial.

‘The other main half of the educationl system centred around the Uirer-
Jité Ipiriel de France, founded by the formes M. Bonaparte in 1808. Intended
‘o tsin doctors, lawyers, clesgy, teachers, and administrators of all kinds for
the countey’s aceds, it was divided into Acsiimics by region, uader which alf
teaching fell: not only university-level (15 we would secognlse ) but alsa all
the dyeées and other such establishments. The university equivalent was provided
by Facaités, of which scenes was one. “The most knposaat Aradlmie was, of
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course, in Packs, a0d oa its opening some polyircimicions, ae staff of the Ecole
M took the chairs (7).

bove the Acadénies was the Evele Normair, based in Paris s
mdmmb]llhmcmmpmndvuxdmmdﬁhnhmfmgn‘md students, who
were destined for teaching posts in quality s and perhaps, in due cousse,
Foenli places around the countey: Howeve, while not-imitating.the four-

In addition, the Colllge dr Frames continued as an instimtion of learning
* fat its own sake *. While it cnjoyed much prestige, the scale of ity influence
is hatd o appraise, and pechaps casy to over—eatimate, cspecially for physics
a0d mathematics, where audiences were sometimes small and the stafing in
fact not always high-powered (5). Cermainly it did not match the nationwide
system of the Evele Palytechmigus and the iolss d'ap

Grasdes dsls, pesite Usiversité (anl the Collge de Frauce on the side): theee
s 1o doubt whee the priotities and peestige lay. Indecd, the French bave been
suferlag the conscqueaces of this systens to this day, despite many reforms and
some substantial changes,

42 = Other institutions

These teaching establishments (including the féer) provided leamning oppor-
tunitics for the young, some of whom became professors in due course. Bat
other institutions around town provided posts and prestige.

The nominal apex was the * mathenutical”” and * physical " class of the
Insfitut di France, 18 the old Acsdimie des Scivsces becarae in 1795, only for the
reversal o Acadimie to oceur in 1816 after the Restoration. Membership here
s yery prestigions, &3 2 meanbet could both prcscnt his own papes to it sad
sit on commissions to report oa those subimitted by cutsiders (that i, i be botber-
ed 1o do so}; inflscnce could be cxerted in other ways too (10). However,
Mémwsirer wppeared. somewhat ermatically, and could not support the mass
matesial being presented; 5o publication often occurred elsewhere, at least in
summary form, ot even in full in the Journal di {"Erols Poiytebsigne o the Awisles
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do chinie {aftce 1816, of de physigm). Azaong other non-teaching lastitutions, the
Barsan der Langitudes, with its jounal Cassaissasce der femps, Wway the most im-
pomant for our purpos (11).

O scientific sociecies, the Suiéed Phijamatique stands ot fot the rapid publi
ation of short papers ia its Halleris, A3 a result, this journal is onc of the most
imporcant of the time, for majo work in all azea of scicnce and mathemari
made its first bovw theee, even SF only in sumimary form (12). There wers, of
course, varions other organs of publication available, including quite a few in
civil and miliary eagincering: cven the offieial newspaper, the Mowfrr wxivers
761, was used at times, 18 otherwise carsied much information about science.

83 — Prople and commaritier

Within this framewark our carserist sasssrs lived and worked, and indeed
cnjoyed the novelty of carcerism, of making 1 living s eachers ond members of
this 0d that, and. often the othet, organisation (13). For the Parisians devised
the awful cuesl system, whereby & man may hold, sy, half a dozen posts at
cnce, in the dales system (a8 professoe andjor examines), in. the. Uninrsitl fas
profissor. andjor inspector), and in other public organisations such s the B-
o s Langituder,, Competition for these jobs could be very intcnse, and the
literature of the time is clear with evidence of ambitioning and besting othess.

Tntcllectaally, it was & time of considerable change, fir ot k). In the
mid and kate 17905 the maajor institutional changes wers made; but eoly from
the mid 18108 on were comparable modifications ia subjece matter achieved, e
at least publicised. Bur then two broadenings occurred: the cleulus. moded
it mathematical analysis based on limits (the amalysis of § 2.3), where function
theory and convergenee of serics wess also sitcd; and became mathe
atical physics, with the emergence of heat diffusion, electricity and magnetism,
aovd 4 good deal more mathessatised optics (14). The period 1615-1826 is crucial
for these ehanges; and they were schieved only after #ome stout seslstance.

On the h Jevel, 11 Jished wch th

«d, nd s0 the opposition had 1o be strong to be convincing. Further, cven
¢garded us legitinmate 18 escarch, the new thearies could be insppropriate for
effective teaching! oo dificulr, perhaps, of 100 fir femaved from the practical
eed of the grande deolis. Hence, along with the cascerism and the smbitioning,
there weee major disagrecments aboat the content of many subjects, at both
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the research and the educitional levels, and iacluding the relationship between
the two.  Thar there sias mo * she Franch trdicion™ abont these tpies, ax they ware
i 4. they broadeied 15).

One manifestation of the disgeeements is social: the community of major
figores divides almost equally into those at the more theorstical end of mathe-
matial physics, who beought the two brosdenings mentioned above. but in
genesal did not pursue the engineering backgronad of the

and those who served a3 professional mym
sndjos enginecting; teachers, who pot theic emain effocts tawards the
ends and aims of 4 rescasch-level engincer scientist (16). The table names these
figores, with, wheze appropriate, indication of the year of entry into the Eale
Palptechsigun. 1 bave divided them into the thoee geoerations into which they

Tiable of principal figares in France, 1800-14 30, divided in fermer of main research iuterests
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roughly fall. The wble s rostricted to mathemuically oriented sxvants, and
excludes those such as Arago, Haliy or Sadi Camot, whose contributions lay
Tasgely in experimental andjos theoretical aspects of physics (including astrono-
m,—) ‘or the great textbook writer Lacroix, who had no time left (or, 1 suspect,
) for zescarch, As for Coulomb, his rescarch careee caded 300m after
1000, 20 %0 be i ot dnchuded; snd, interestingly, be would belong on both
sides in & way which later figures do not

1 tum now ta the sclection of examples taken from the achicvements of
this community. As my main aim it to illusteate philosophical points, T have
made no setempt 10 cover them either eompletely or uniformly, o to be stiedy
construined by chruaology, of to tecord niceties of histotical derail. The foor-
notes are confined almost entirely to refesences 1o pti.napll prinary litertare
and (where they exist) impostant secoadary source

5. LAGRANGIAN MECHANICS AND 75 ALTEENATIVES

5.1 — Lagrange’s alpebra

Of all practitioners of the algebraie Deskusize (§ 2.3), Lagrange is the prince;
for he tried 0 algebrmise everything, especially the calculus and mechanics.
For mechanics this meant a preference for the principle of beast action, because
of its expression in varistional form; it also led to a reduction of dynamics to
statics via d*Alembert's principle, an (ovér-7) emphasis an equilibrium, and of-
ten static equilibriuen at that, :u:d also a preference for the refined end of mecha-

t-amass systcms, s and the ke (16).
Tos calculus was algebuaic, w0, o€ tied w0 be: the allegedly sutomatic converg-
ence of the Taylor expansion of a function provided the base, for the basic
notions of the dificrential and integral calculus were beld to be definsble from
the series, a0d caleulable by purely algebraic means. Power series also provided
the principal form of solution for differeotial end relared equations, although
the closed functional form was prefcrred for cxhibiting known relations with
indeial eondition funcrions (19).

The mest significant single advance in this tadition during our period
was the introduction of the so-called * Lagrange and Poisson brackess”, in
which vasiational techniques, applicd to the basic cquations of motion of &
aystem of point masses, produced new solutions from known ones,

great Entensity in the period 1808-1810 by Lagrange
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plify Lagrange's n-dh;:im'hhhwryollhe-hblh!y of the planetary systen
,,m.h the prof to second ordet of the masses of the planets relative
10 that of the sun (21).

82— Euhe's growetrical tridition

By contaast, Euler’s methods in mechanics preserved the Basel preference
for geometrical thought: bodies move in space and have shapes, and sa on.
Thus for example, Bulec's equations for the rotation of a solid body favite the
mind 16 think of & body rotating, whersas in Lagrange’s treatment Euler's
movements of incetia arise a3 constants of partial integmtion of the Lagrange
‘equations (22). This example typifics nicely a major constrast between these two'
eraditions: by and Jorsy, Ealer’s grammtricel uppreath i roperior for fiding s resuls,
mhile Lagranee's algebriss shows its strangeh i reproving, und organtringiuto framenurks,
resnls wiesdy food.

However, the differences are greater still: content if alio at fssue. For
Euler, staties and dynamics were scparate disciplines, neither reducible o the
ather; and while he affirmed the genenality of the principle of least action, he
sever founded upon it the comprehensive rescarch programme that Lagringe

anewpred, grasting it lile role in his fivid mechanics or engincedng studies,
for example (23). The calculus for Eoler was similarly geometrical: lirenally &
cleulus of differeatials, infinitesimal dimension-preserving differentials d on
4 variable x, forming matios /i to indicate rates of change, summing |
a8 an acea, aad so on (24).

This geometrical base gave Boler's mechanics considerable educational attrac-
tvencss 15 well as research potential, The most significant advance in rescarch
within it in our period came In  texthook, Polnsot's Eléeesr de statigue (Ist edic
o, 1803); for in this work the young man exposed an oversight in the deve-
Jopment of mechanics by developing & general theary of the couple (his word)
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and stressing the similasity in structore of its theory with that of the composition
of forces. . Not many produce a masterpicee in theie first publication, but Poin-
sof's guidance of his algebra by geometrical cavisioning here (§ 2.1c) esnnot
be bettered (25).

53 = Mived poitiesc: de Proy and the wowerical woed

Betwoen contrasting positions, there. is comprarmise, perhaps even mddle,
e Prony, a leading engineet of this time, taught mechuics both at the Fual
Polpisctaigae and the Erle des Posts o3 Chunssbes (of which be was the director
from 1798 ol his death In 1839); and while ke steessed the engincers noed
1o envision the case, his textbooks show some disinclination to include disgrams,
which in Lagrange's books was & suict rul(26). Llis algebra, however, was
the morc. prossic. language of trigonometry — and this linked with bis own
principal methodological sim, the med 15 faslor matbematics fo producs mmmerical
reamits,

This passion was evident in many aspects of de Proay’s carcer, especially
in the 17905, At the beginning of the decade, anzigus not to be sent to 2 pro-
vincial engineer appointment, ht had himself made Disector of the Hareaw de
Cadasirs, it

i e cases.
Adam Seith’s. principles of the division of libous, be divided }ns team fnta
sections of chaose the best aad check formu-

ac), assistants (to lay out the pages and cxecute the checks) and calculstors (do-
2608 of ex-hait deessers rendered destitute by the new Revolutionary philosophy
of puritan haisstyles, who sdded and substracted day after day and put the ans-
wets i the places marked). When it was finished, two vast sets of rbles were
produced, cighteen large volumes cach (plus an explacatory volume) — impos-
sible to publish of course, although various atempts were made. The product
was really notional in the sensc described in § 2.1b); txation may be an impor-
tant sciencs, but it handly needs decimal expansions to such lengths (27).

As founder professor at the Ermie Palytichsiges a fow years later, de Prony
was more interesting; for there he tught difference equations and their solutions
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camplement to colleague Lagrange's more ortbodox concen with dificren-
l mnﬂn) His motivation was clear: in seience and engineering we of-

ten take messurements from time 1o time, and s need u calculus 1o express
nu ‘differences of readings thereby taken. As an cxample for the students he
trok gas expansion, conting by same appareat induction to the form

e )= E nbe

for the volume Z of given gas body in terms of its temperature x, whers the o,
and 4, were o be determined from the data. His choice of {5.1] may have been
helped by secognising it as the solution to & linear difference nqunﬂwl the move
helped him in the mathermatics. But how well does [5.1] seprescat the phyics
of gas expansion? Are some of his equation systems even sble (i the mathem-
atical sense)> Such basic questions tend to be lost beneath the masses of calcal-
ations in his paper (29). Lronically, oac of his students of the time was Gay-
Lussac, who was soon to criticise the experimental evidence of Guytoa de Mor-
vean sod Pricoe o which do Prony fad eelied (30)
Proay's

Fo example, in his studies of asches of ssound 1900 hic drew on the La Hire-

uerice of wedges (thus rendeting

]1=H s diffesentiable profile. The method was modelled on o ingu-
lar solution to & differential cquation and amounted to a simple anticipation
of & miodesn splining tochnique.  All niecly feasible, and simplifiable dowa to
the numerical: he even extended the theory from circles to conic sections. How-
eves, the undedlying suability theory hud sleeady been eriticised (by Coulomb,
for exaruple) for its danger of furnishing an incarrect thrust line (32). In other
woeds, de Prony’s desire for the practical brought him within the realon of the
mistaken.
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5.4 = Mixed poritions: Laplace's teoretical astresormy

Laplace's Mésasiqume célesie, which begin to_appeat in 1799 and continued
do 5o in 1802 and 1805, is Lagrangian in a number of ways: some liking for
the principle of least sction, a reluctince to draw pictures, and also a variety
of results * bosrowed * with his usual fallure to give seferences (the proof of
the stability of the planetary system mentioned in § 5.1 s onc). However, his
desire 1o study the intricacies of the planetary motions led him incvizably 1o
geometzical thought, and even the odd disgram.

Until his death in 1827 Laplace was the leading theotetical astronomer in
Feance, and d fovle lcade at the Bareas des Laegituies., But his efforts to thearise
scem to have pushed French work twands the notioaally theosstical in the séase
of 13b): the expressions seally do get longer and longes, and ooe wondess
a4 10 the efficacy of it all. The state of affaire i well shown by his invitation in
the late 16005 to the young Binet to calculate high-ordec terms of the perrur-
bation function. The pooe lad duly did his staff up to the seventh onder, ina
paper which now survives s 109 pages of lasgely wallpaper mathematics, dis-
playing terms in oedesly rows of calumns; but the Sl Philmatique publirhed
only & onc-page nuunl:u){i!‘ If dhiere was a chink in the glittering majesty
of French mechanics at , it it pechaps hese: the exsearine derimpification
of matkematical ummm,-(u) “The Germans rathee tiok over the initative
here, with mote compart and mumerically feasible procedures: Soldner (geodesy),
Bessel and Gauss (planets) and Olbers (camets) (35).

6. LAVLACE WIYSICS. AND TS ALTERNATIVES

G = The programm
During the 18008 Laplace’s research Incerests turned, to some notsble ex-
tear, towards what T call * planctary physics ”, and cven to physics itself (espe-
cially heat, and some clectrostatics and. magnetism). Around mid decads, per-
haps wishing to be the Emperor of science (§ 4.1}, be conceived of & general
research programme based on treating *all ¥ phenomena in terms of shor-
rnge inter-molecalar forces, Tt was expressly trans-empirical 5 3,2), for it
had to aliow for the shapes of the molecules; and as these were not known, the
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foroe fanction was indcterminate. - Strocture-similarity was prominent, for the
vasious physical actions were 1o be mathematised in terrs of integrals (single
o multiple) summing the acton over pisees of space-time. Ssting off with

refraction, e then carried ot a brilliant execcisc in capillacity,
aind Inspized » tradition of molecular optics among his followens, Amgo, Biot
and Malus (36): This was probably its strongest arca, and Jed to  dumble con-
‘tribstion: to the tesms: used in science: the wosd * polaristion ", proposcd by
Malus (in a charmingly honest and acrvous passage (37)) because the properties
af the imagined molecules of light bore similarity to the actioa of the poles
of o magner.
The broadening of mechanics inta mathematical physics, mentioned in
§4.2, is wery much concerned with ce gures overcoming the successes of
Laplacian physics. In the rest of this section 1 shall describe theee of the princi-
pal arcas (38)

62 — Fearivr and st diffucies

As & mathemnaticlan Fourler exhibitcd the geometrical Deakalie in 2 mac-
ed form, taking aver a fazm of i from his hero Monge. Howeve, he did aot
follow Monge into a practical engincering-cducarion, curcer: the aceideats of
histocy tock him from teaching at the Exole Pabtechnige to join Bocaparte’s
Egyptian campaign in 1797, and upon his return in the new century the same
person, appointed him Prefect of 3 épriemems, centered. at Grenoble.  While
there he produced his heat diffusion. theory in his spae time, much of It bet-
ween 1804 and 1807 (35)

Foutier's liking for the geometrical is cvident in all Kis writings: functions
were treated a3 curves, integmals were areas, heat was thought of s tally flow-
ing. And this view misrored into his philosophy of physics, for be held  stoie-
ally empiricist line and eschewed dactrines shott the constitution of heat
1f ane: loaks at his dorivarion of the wive equation, it seems o be a substance
(calorie in those days) which was shulfling about; it one looks st his trigonomet-
tie serics solutions, then one s tempted t Invoke structare similarity and in-
voke & wave theory (which held sorne currency at that time (40)), Fourier himself
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refused to take cither stance, As a corollary, thercfore, he opposed Laplacian
physics on the ground of the experientishility issue of § 3.2, So when Laplace

produced an intermolecular derivation of the !pﬁunllmnnf diffusion equa-
tion, Fouriee continued 1o reasan in tesms of Eulerian differendals of the
‘odies (41) swopping hest and eald i they werel) with each othee (42).

Fouriee's serics solutions also mised hackles, on mathematical grounds.

Secies of teemis with determiied coeficleats, they ik far from the approved

form of solations in§5.
feity question also provoked much dificulty, mmg. Fou
cxplanation, complete with diagrms showing how differcat series differed
firom each other a8 well as ffom the function outside the interval of definitian,
was quite mastesly (43). Here the geometrieal Deskaeize showed its mesele strong-
Iy, I conteast to the algebraie Poissan, who never managed to understand the
poit at all.

Poisson’s own contributions to heat diffusion began t apper in 1815,
bt the bulk was published by 1823 (44), when most of Fouricr's work was (at
lnst) also in print, Laplacian ix its physics, it cxemplified well the complications
F the procedures, For example, where Fourier posited internal and external
conductivity a3 known consmnts, Poisson had to define them in terms of cer-
tain curmulative actlon integrals (over [0,20], indeed) (45). As for the solutions
of the equations, how Poisson thought that Fourier series could be added and
subtracted together when their intervals of definition differed is hard to
grasp aftee Fourier's scoount, bat it seems to be based on his mis-association
of sine and cosine series with odd and even funcrions, lnd it led him to a
non-uniquencss theorem for serics based on the * equation

52] 0=1+2' %
=

which wis nonsense even at the time of writing (as.x = 0 rapldly shows) (46).
As for applications, his cascs ace mostly rather teivial desimplifications of Foa-
rier's hest diffusion;: in & straight bar made of two marcrials instead of onc, for
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example. A lovely picee of notionsl application (§ 2.1b) oceursed with his study
of a bar heated at ooc point and cooting an n cavioameat whose tempecature
‘varied with time, and s0 itself hadl o be cxpressed as a Fourics scries, The fesult-
ing salution to the modified diffusion equations was clever, but most complic-
ated and quite uscloss for application. But what is this application? Strap therm-
ometers to your asteolabe, be told his seaders in the Conmiszon des femps, and
find oae from the beautiful farmulae how mach the sun will bend i out of sha-
(47). ‘The probiew is genuine, and indeed had been known before; but is fbis
mathematisation the way ahead to salve it?

63 — Pofrson and atbes an elesidty thesry

Chisdnils visit to Paris in 1808 to demonstrate his musical instroments and
the nodsl patterns on vibrating much interest:
was 2 prize paper ar the Insfiant for 3 A B
is trgicomics Sophic Germai evestually o in 1615 with the thisd of hes

Tustitutat its
cement, read & paper on the same subject in 1814, aftes his clection but before
the awasd of the prie; Legendse protested on ethical grouads, and a commission
was appoioted to investigate and did nothing (48),

The mathematical side is mone complicated.. Geemain, like Fouries; thought
geometsically, and 10 applied the calculus of curved sufaccs 1o the problem
(het incompetence In execution Is not of concern here), following certala ideas
of Euler (49). Poisson carried out & remackable Laplacian analysis, thinking in
terms of the short-rage Intec-molecular forces, and produced & semarkable
fourth-order sscond degres differential cquation which no onc to my knowlodge
has studied in derail but which reduced to known forms for small vibrations;
he also corroborated and extended known rosults on stored cnergy (50). Howes
wer, the gencrality of his equations s bard to appraise, in that the forces seem
to have to account for all elustic properties; but the types and statusses of the
elastic constants were mystificd by the Laplacian integrals, “There was aho dis-
pute over the mathematical power of the term sepresenming the thickness of
the susface,

A similar difficulty attends the wotk of our next majoe coatributos 10 ehts-
ticity theory, and the sceond from our comps of active engineers fa the table
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of § 43, The philosophlcal position of Navier is cusious. He too subscribed
to & malecularist philosaphy of matter; but, unlike Laplace os Polsson, be marcly
mithematised these actions (an unhappy mm,,\n s noted in & momen), and
much miore often adoped 8 peometrical approach married 10 & positivistic cpis-
temalogy which we shall sce again in § 8.1 Ina lithograph of 1620 on rhe equi-
e of elasel sfuccn K did not wppeal 0> molecelarie argament st all
bt used the geomeiry of the configuration to determine the action of these
forces: then be applied vaciatioaal methods to cxpress the positian of equil
brium in terms of zoro total moments of internal and impreseed forces, However,
his clastic constant was curiously specificd while of the units of stress, it aequi
ced from nowhere a factor 815, which nieely cancelled ont later, He then solv-
ed he differential cquation by dosble Fouriee scrics, in # physical context whese
the wave pattems could reflct physical suructures (51).

o soqul e Navict wight the cquiiensfoecuic bodis This time
he went Lap with 3 cumalative
anies and this time adomned with & 2115, t represent the cify bk e cooin
which he felt necessary for the problem.  However, he also made assumptions
more congenial to his cmpiricist inclinations, such as the proportionlity of the
displicing force to the measure of displacement (52).

“This work stimulared the atention of Cauchy, who presented to the Ass-
dimie in 1822 & paper on the equilibrium and motion of bodics and fhuids which
contains the essence of the stressstrain approach (to use Rankine's later terms).
Unusually for him, he presented only & prosodic form of his results (53); maybe
his arguments wse proof based aaly on Taylor-scrics expansians, which brought
dangers of both non-convetpence (contrary to the rigour of his new doctrine
of mathematical analysis in his teaching ac the Evole Polytickmigur) (34) and of
‘noa-saiquencss (following his fial demolishment of Lagrnge’s faith in T
lor scrics {§ 5.1) with his 1822 counter-cxamples (35), such as exp(-1 %) at = 0).
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Buc the basic form s clesc: unhl:lpmufﬂtbo&y and consider the forces
in s intesioe and across ifs surds

Gty b chic Javentoe-son) practitioner of the analytical Dankveire
deseribed in § 2.2, showed 2 marvellons geometrical insight here, beinging dnh,
10 the undi and s worlds of
quitons forces. A differcace of motivation is also evident: the -hmhu
Gauchy and Poissan liked clasticity theory beeause the differential cquations
were fourth rder aad hard both 10 form and solve, whereas Navice needed to
m dnsuﬂ:y because he was & practising engincer and so wantcd to know

elastie properties metal.

of wood and

6.4 — Fresuel and the meisee of fight

In his seminal paper on elasticity Cauchy referred o Fresnel's work on
optics, studies which had been disturbing the L.':plm:ilns since around 1815,
In contrast to the Laplacian molecularisny noted in § 6.1, Fresnel pue forward
two kinds of wave theory for light: fistly, one asserting longirudinal vibations
of the molecules of the sether from the equilibrium positions; then, from 1819,
vibrations construcd s transverse (S6). This change in physical theory did not
affece his mathematicss he could use the same expressions o refer ta the newly
differcat motions and 10, for example, had no need to rework the difirction
theory slready presented in detail (57).

Fresnels Demkseise was strongly goometrical, and the ressans ate not only
becatse he was treating optics but aln lhugﬂmla\pml:!phﬂ.luxdeSﬂ
be was secking new results. “The contrast between Lagrange and uler noted
m nvpplm ‘hete slso; Fresncls Lagrange was Hamilton, who derived his ellip-

of propagatioa in the carly 1830 by algebraic methods drwing on the
pm;pe of Jeast action, succeeding in part because be knew the equations al-
ready (56). Fresnel's geometrisation of the world even extended, unusually for
that time, 10 suppose 4 structure for the sether: in order fo provide a tationale
for tansverse vibration, be cadowed it in 1821 with & three—symmetsy regulac
lattice of particles, and obtained transverse motion off equilibrium from mechan-
fcal. peiaciples (59).

In contrast to Fourler's expressed claim of independence of heat diffusion
from mechanics (on the grounds of isreversibilty), Fresnel was anxious to make
s theary look Like mechanics (although he pever tried to express it in differca-
tial equations), One example has just been given; anothier occurred when he
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interpreted Malus's empirical Inteasity laws. for the ordinary snd extraordinary
ays in tezms of consecvation of firees sives at double refruction (60).

S0 the wave theoey of light was “ mechanical * for its conservation pro-
perty; and of course moleculas theory of light was also mechanics, for its plac-
ing of the basis of the phenomicns in motions of (ballistic-like) molecules, Does
this situation constitate & resolution: of the clish? ‘The basic divisions sill re-
main, of coucse: & shitmesing Fresnclian puncriform acther cannot be substitat-
ed for Biot’s world of fiviag oscillating molecules. Yet in 1819 Biot did make
a pesture towards some reconciliation, in 4 way relating o the issue of experica-
tiability miscd in § 3.2: he propased the sccepeance of the principle of intecier-
eace, an which Presnel relicd besvily, a5 an tal law * “ detached from
all foreign considerations ™', Portioas of light could be sald to Interfere with
cach other, without any sssamptions being made of the constitution of those
intesfering portions (61). It was an interesting move, but it did not sve Lapls-
cian optics. from decline, for Biot ncver sapplied & moleculadistic argumsent to
explain how his sapposed molccules intecfored fa the way described.

7. Fioms axpjon pAxmicLss

74 = A ddeiee of seenaring

I mentianed in § 6.4 that Fresncl was uausual for his time in trying to fm-
pose a specific stcucture upon the sethet in order to further his theorising. Howe-
wet, be was very much er couraend (13 it werc) in speaking of fiuids, for the scien-
tific warld of Paris in those days was fall of them: not only wet oncs to drink,
‘but also insensible ones, unusually of high elasticlty, to transmit heat, * electri-
city " and the like; and the still fines acther, which for Fresnel created the ef-
fects of light and for him and others was the medium in which continuous phe-
nomena take place. Henee the question of analogy li.l\-i-rhgmuth:y posed in
§ 3.1, became of particular importance: was oae type of phenomena merely like
mnmum,mmqummmnduugrekmw

The competition between Laplacian phiysics aad its opponents was in part
a fight between those for and sgainst Laplace’s programme of intes-molecular
foroe madelling; bur, as the cases of Navier and Fresnel show, the relation is
not simple, since they too had molcules of theiz own. Indeed, non-Laphicians
were not agree on any common stratcgy; for example, structuring the acther
would not suic Fouricr’s empiricist philosophy. Parther, the role assigned to
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mathematics complicated the siroation 1 litle mote; for while we noted in
§ 61 thae Laplace would express his cumubative forecs as integrals there is
70 such scvcture—simiacity if the Eulerian difccatil calculus is wed for some

foe its of-hread kind of ion s fot at
all the same a5 lines of attraction and sepulsion between tiny eumbe. Fot fuids,
however, such similacity might obtain if they were segarded s literally conti-
nnous rathee than punctiform.  OF course, some trcatments might apply both
to solids end fluids; Cauchy's stress-strain modelling of § 6.3 s sa important
case.

‘With this rather complex network of possibilities in mind, 1 take now three
arcas of Pasisian cesearch on flulds. The engincers begin with wet ones; then
the theoteticlans come in, treating wet ones also but in their own way; fimally,
Poisson surmises oa the distribution of the two dlectric fluids.

T2 ~ The messmvemet of wateo—flsz

In § 53 we saw d¢ Prony usgiog the practical engincer’s case, with mixed
luck, in the 1790, Duriog the nest decade he gained geeater soecess with seadics
of wates-low peblished in the mlitary engincering jounal Mémorial de [*Offvier
dy Gésle in 1804, and also o short hooks (62).

ciscalation in the 18th century. The tate of Bow out of an orifice depended
heavily on its size, position and direction; but how eould one find a theary of
sufficient simplicity o prave usable and yet at the same time not to be hopelessly
against the penomena? One of de Prany's chief tools was the * hypothesis of
the parallelism of slices ™, a theary in which strict strueture-similarity obtzined
since the fluid was held to move in exactly the slices-of-bread way described
in § 7.1, and t0 conld be anslysed by means of the (literally) differential calou-
s (63). Other questions such as cavitation and contraction, however, still were
treated by rules of taumb.

An alternative method of measaring water-flow was to note the exace time
taken to ill andfor empty # given space. Here again de Prony had ideas, includ-
ing design features to sid the achievement of stagnation, and he also proposed

4 quadnatic interpolation formula to relate drop in water level oa outflow with
time. There was a discussion of this and ether ** hypotheses * in the Miworis,
with seven hypotheses for measuremene being proposed: a known outflow
formala through a tectangular orifice, messurement of drop of level during
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outllow, de Prony’s formula and & geaenalisation from two 1o # observations,
and 50 on. The debare shows very well the engineer's difficulties with fluids,
especially in large quantities: they are complex masses, far removed from the
theoreticians * differential equations, and their internal stracture renders theords:
ing perilously band, even with the geomeirical differential calculus to hand.

In 1804, shonly afier preparing this study, de Prony took up the related
question of the theoty of water-flow, espechlly in canals.  His approach was
& melange of the empitical and the deductive, He gencralised, without real ar-
gument, his predecessor Dubuat’s lincar low relating the surface, mean and bed
velocities of 1 canal; and he tried to embed in o mathensatical angument
Coulomb's empirical quadratic law of the resistance of fuids o the passage of
bodies in the relation
4 § wmall 4 fLF
between the (supposedly) constant velocity U in & canal of uniform cross-sec-
and its slope S, whese & and § weee constants to be determined (64). These
be excimated M e of Llpl.wel e ascount of (ascally Boscavich's)

in the M wever,

he zeplaced upum porcly anslseic ™ spproxch h, “the geomctrical consider.
ations and conserocticns [which] are much more familiar to 2 farge number of
engincers than abstract analysis * (66). For him, then, once again the geomet-
rical Dienkaeiss matricd happily to the practical need,

T3 = Girard and the Onreg conad prject

de Prony's interest in the problems of water fow was motivated in part by
10 cagincering project of cssential importance to the capital: the building of the
Oureq esnal from the Oureq tives 10 2 place 1o the north east of Paris (1nd now
in the 19t srrendirimment) where a pott, Russin de fs Villtte, was constructed
and the Cana/ d 1, Deriz was ron up ko the Seine river to the nosth while the
Camal de 5%, Martin ran south to the Scine throgh the city. The whole system,
which was constructed betsreen 1800 and 1825, still operates, although the port
a3 such i idle and some of it buildings ate naw belag coaverted into a lbacy
and museum for the history of science.

Many engincers worked on this project 4 various times; they included
student Cauchry from de Proay's Exwe des Pouts o Chasies (be worked oa. an

(64) G, Racan mn P, Raskereber plie-smeth b s s, Pasio
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acquedice on the Canal de §7. Deal) and lnter enginces Fresnel (Highting the quais
. Martin). The dis

ing wates-flow be needed among otber ms.mmahwpq,mn
used analogies to claim that «U was like linese friction and BU wis due to " as-
peritics ", as in air resistance. The slope of the canal was an important fearure,
sines the fow had 1o surpass 4 certain agseed rate 0 85 to prevent sgnation
mdﬂ\ulhﬂ:ﬁgmm,mmw@mhm:ﬁumﬁrm
inge. (

7 ~ Camely wersir Palsson an the stion of fids

While a student at the Ecole des Ponts ef Chasrsées fn 1809, Cavchy had writ-
ten 3 long manuscripe on water-flow in rivers, which included in appendices a
general analysis of the motion of fluids (69). This wark must have stood him in
goad stead six years later when the Juritu proposed a prize problem on the dif-
ferentia] equations and solutions for the flow of fivids in decp quantity, True
1 form, Poisson, membre o rsfint snd €ven of the fudging commitsion, prescat-

on this subject in 181 and quickly
bad it publisbed in, the Mimsires (70); Canchy, not & member {this happened in
1816 by Ropal decree whea the Arndinge was restored), won the prize, but had
o wait a decade for his papes to appeac in the. Savents ftrngers (11).

The contrast between these two- theoretical papers and the engincers'
wosry over water-flow could not be more marked. - Even though fow in depth
was asked for in the probiem, there were no simple formula relating velocities
a differeat levels with Poisson and Cauchy; instead, cach man ook the known
basic equations for hydsodynamies (in surpeising switches of habir, Poisson used
Euler's form and Cavchy used Lageunge's). For solutions both men uscd
7l forms, but of difiesent kinds: Poissen loyally adopted Laphice’s integral
salutian of 1809 t soive Fouricr's diffusion equation for infinite bodics (where

o pom e Pur 1604 ntesscigly vevised
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Fourier's trigonametric serics could not apply) (72), while Canchy developed a
type of integral which is now known as * Fouricr integrals * from Fourier's
discovery of them in 1811 aftcr Laplace’s 1809 signpast (73). Cauchy chiimed
wrance of Fourier's work, and fndecd found Fourier's intcgaal thoorem
Timself (74). His proofs; tlegant wses of properties of analysis, contrase with
Fourier's own desirations based on rathe hair-raising tricks with infinitcsimals,
Integral solutions were acceptable, since they served as a variant on the
fanctional forms neted in § 3.1, with the initial eondition functions relatable to
the functioas in the integrands. Howover, as with Foutier's heat diffusion, nel-
ther man regarded his integrals as reflocting any structare of the physical fnters
pretation intended. However, this did not prevent the competitors in Hydro-
dynamics from manipulating and approxinating to their solutions in order
t cbrain numerical predictions (for Canchy, for example, the positions of peaks
of waves)(75); their most imporant theoretical result was to refote Lagrange's
gucss that decp waves were propagated with uniform seeclcration to find that
the ity was uniform (76). In addition, Poisson cume to 8 special case of the
el mosion of groap velosity (13 we now call i9); and soon sfrersrards, seemingly
purier gave a ckaret and more general satement of thisidea (7).
“Thus, even i the integral solutions did not look much like witer-waves, they
were stlll worth manipalating.
“Theoreticians in hydrodynamics, engineers in hydralics: even the differ-
ence of name refleces the difference of aim and purpose. Girard exhibited it
‘himself in fresh work of his own, presented (as a member) to the Asdbmir oot
chy dance:

independent!

mmzavmﬂuud‘mm“ J. Eysl Pt 4 1), suh 15, 180,
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a decade carlier (5 6.1). Again, in the late 1820s de Proay, 45 one of the gradus-
tion examiners at the Eiofe Palytebuise, criticised his fotmee student and pow
professor Cauchy for cacsasive diffcaly in th teaching of both analyis (pow,

a0 in partiular deplored the teplaceraect of pisilic-lice techaiques by cue.
wed-wein theory in the teaching of fuld mechanics (19).

7.5 — Navier su vireons fuidr; Peisron on wwvryrbisg

As was soted I § 6.3, Navier worked and thought as n practising engineet,
although his creative suthematical ability was unusually high for his group.
Afer his success of 1820 with cquations foc elastic bodics, he imituted the same
spproach in order to find in 1621 4sd 1822 the equations for flow of viscous
fulds, ‘The analogy with the calier stadies was pressed ot anly an the mode
of the differential cquation but also kn the use of double Fourier series to solve
i, Howeser, he also dopted & constant to cxpress elasticity on the surface dif.
ferent from thar in the interior (80).

The relacion between solids and fuids suised in § 7.1 3 particularly well
exhiblted by these cwn studics by Navier. The basic equation is often now cal-
led the “N; ", butin fact Naviec's s’
(which was obined in the ate 18408) far compressible fluids, since different
models were used: Navier again entertained a panoply of undistinguished inter-
molecular forces o obeain his result, while Stokes used differcatial paraleli-
pipeds and the stress-atrain approsch which Naviers caclier ssudy of solids had
‘mathvated Canchy to introduice (§ 6.3 (51).

ocourred
the Bules-Maclausin summation formula to. relate intcgrals and sums, pecpa-
ing the mathematical ground with his own proof bascd on approximating to an.
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integral by & sum (83). He then followed on with & sequcace of massive and shot-
tee pupes o goat clamod gencnliy, deveoplng fathr his wrskopiion of
attsactive gravitational forces and repulsive thermal ones berween the malecu
and trying to cover solids, flaids, gases, wapours and the aether (84). Hcahl:mr
ed some of Navier's aad Cauchy's equutions, while of course using different
assumptions aboue the action of the " intimate stucture* of matier, His
trcutment fs virtuosistic in mathematical esccution and geners in physical con-
cepion; his rederivarion of Navier’s and Cauchy's resulis place bim ia the sel-
ation of Lagrnge to Euler noted in § 52, or of Hamilwon to Fresncl in § 6.4,
Fusther, it shows again the weakness of most Parisian stodies of elastic solids
and fuids: a pectension for gencrality but with insufficient sub-structuse to make
it seally effective,

Anothee feanare of these studies is worth stressing, foe they apply also
1o several other featuses of the new inoovations in mechanics and mathematical
physics noted in this and the previous section: the preference for bivear ssodl.
Structure similacity is very cvident here; not just linéar luws but especlally linear
differential equations, with o without solutions such as Fourier serics inter-
preeable (or, for Foutier in § 6.2, not %) in terms of superpoaition of simple
watcs.. For erities of this great lineat tradition, the issue of excessive simplific-
ation s raised.

76— Poizsem and the * alectric faids "

= Focmua m.uh 1 haxe no yer descrmined, French interest in leciricity

patchy, even though their major contributions weee indeed
pustingiesta xtampie | e b Pnys o g o€ 1812 s 1903
on electrostatics (15 we now call i), They began, like his papec an clasticlty
theory (5 6.3), as submissions for an Jasifaf prise, but ia the end he prescated
them there when the death of Malus graated him election to the section of the

further back, as it were. Taking as csblished by Coulomb inverse-square laws.
of attraction and repulsion of these fluids, he imported Laplacian potential theory

3,
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o the subject in onder to study two cases: the distribution of * electsicity
inside 8 spheroid; and various simations involving two spheces (86).

Potential theory is a very interesting example of structuse—similarity;
for while cquipotential surfaces can be assested to describe some physical state,

the indfvidul terms of the expansion of the potential fuscrion in. (say) susfice
harmonics are sof usually intespretable individually. Poisson made no such
efforts in bis papee, noe did be offer say interpeetation of the intcgral solutions
which he ingeniously found for the functional equation for the two-sphercs
problecn; and yet he thought out the solurioas in 2 physical way. Accepting the
normal Parisian view of the time that there were two electrical fuids, be imagin-
e them s literally deposited upon the physical bodies and saught mathematical
expressions fo their depth. However, in order 1o make potenrial theory work
here, he had 1o geant one fuid positive depth but the other negative, 5o that the
expressions obtained cach time were only * et depth ", as it were, the difer.
enves between the depth of the Auids at the point of the body in question, not
their sum; genuine * potential differcaces ™, one might say. So here the matbe-
matics handied the physics in 8 peeuliar way: cxactly simila in principle (given
the secepance of electricity us a fuid in the first place) and yet oaly pastial, sace
relative, in its information.

B, ENGINEGRS® MEGHANICS: THE DEFORTANCE OF WORE

8.1 = Farcss vives wnd e conversioe

So far the theoreiians v hld the singe for e changes. Flowerer,
this time which mather

upsct and mm the lheula-l(nqs assumptions (87).

As was poted in § 5.1, the Lagngian tradition in mathematics tended to
emphasise equilibeinm over motion, and gave some priority to statical situations,
"To some extent this was tru of all treatmenis of mechanics; and coe pasticular
consequence was that the theory of machines, whewe motion was promineat,
even discontinuous motion afiee the efiect of impact and percussion, was mathee
brushed aside or sxlegated to a sequence of special cascs.

Various engineers of the late 18th century realised that something more
geaczal was required to bring machine theory into mechanics. The principal
fguse was Lazrc Cazoot, who:sought for geneel theorems aboot the loss of
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Jforees wives in mechanical sysiems in gencal (35); and Hachette tried to develop
his ideas forther from the baze 18005 on when he launched a coursc on machine
theory at the Erole Folyielnipme and published a textbook (%),

But the next major breakthrough came from Navier. In 1819, at the time
of the commencement of his studies desceibed in § 6.3 and § 7.5, he pablished
an cdition of Bélidor's 16th-ceatury Arciilscinre bydraniigse and also was sppoins-
ed to & uppilast chait 4t the Easle der Pants of Chanssies (90). In editoeial nates
and i lectures he advocated & general approach to mechanics in which energy
coneeraion wis given pine saess with o of i vt bein sppmitedin

and Pancelet (newly appointed o @ chait in mechanics at the military school at
Mets). Setting aside saime complications of infiussice, bath mien independently
st to the position thar * work * (the word introduced s & technical term by
Cariolis) could be taken o & far with forses rive, thus strengthening the primacy
granted by Navier to encrgy conservation {91).

8.2 — Featres

This story exemplifics nicely all the issues raised in § 2 and 3. 1 shall run
thiough them in twm.
e mode

by §216);
for the general theory war xpplrod hy these men, and by ofhess, to specific types
of machine, such 41 dymamonseters, watee wheels, turbines, and even o some
emergent exgenomics. The formulae bad to be shle to deliver aumbers, in or-
der, for example, that machine cficiency could be appraised.

Seructurc-similarity guided the choice of work as 4 prominent concept.
In the most genemal case, of continuous action, | Pur really was to be thought
of as integral, the sum of the product of the value of the force P and s tra-
veese dr.

The generality wene to the extent of reversing the usual priority of statics
over dynamics, In his teaching Poncelet even explicitly began with dynamics,
treating statics as the special case pravided by the case of sero velocities. As
a techaical consequence, all the writers. in this new tradition explicitly arsided

L Cimvon, iy fmlmpeas i it 1 &4 e, Bul 1008, Ses . €.
Gn.u-m .r; Latae Carme Sanen, Princeson 1
N7, Mo, T s Ao s iber, P 14

m,._..a...
Toarer 1a ol . L. M. 1. Navker, Paria
101, Rt o v e g o ey o b s Nt s P o o ot
s 13548 147,
011, Couma D et ko, P 153 ), .
i i B W25, ool W ol e 1 o g o s
b Sy o el s e

irions axpeared s the




-1 —
assuming that the cumulative work function X P&, (ot /Pds) admitted a po-
tential 2

The Deskreiss was stricly geometrical, not merely for the nceds of theoeis-
ing about particular machines but even in basic details, In particular, to coati-
nuc the question of the integml, bath Coriolis and Ponccler explicitly said that
the integral [ Pds be regarded as an area (sbhough neither went to the mathemiste
fcal length of Coriolis’s peofessar Cauchy and defined the area us the limit of
a sequence of partition-sums): since impace could be involved, P might be o
discontinnons function, so that the intcgral required a geomerrical backing.

In common with other engincers (§ 5.3, § 6.3, § 7) and also with Fourier
(§ 6.2), this geometrical Dembsvire was lnked with a positivistic epistemology,
especially in Navier and Poncelet (92). O these grounds there was even some
prefecenee for work over forcer piter itself, since it was the fispie produs of two
expesicatable. objecis, force and distance, while forcus vives, in involving. the
e of veloity, was rathes further removed. For Navier this pasition st
rather uncomfortably with his atomise (§ 6.3).

The capacity of this spproach to desimplification was impressive, for it
could be applied In considerable detsil 1o the workings of machines, with it
principles applicd even seriatim to successive parts of their working (93). The
next stage of the story was, in effect, # further desimplification; for the famous
encrgy/heat conversion story of the 1840y was the saccessor t this one, where
only oae-way consumption of maceil o produce eneryy (fox work) was
templated, beat engines did not pl
to them in the thermodynamies of the Iatee take.

Finally, the approach was appeopeiate both for rescarch and for weaching
purposc. Indecd, in contzast 1o the excessive erudition of Canchy's coneurrent
teaching of analysis and mechanics at the Ewwle Pofptrchnigue (§ 6.3), Coriols,
rvicr and Ponceler all developed theie idess with educational needs In mind,
at the Ersle Polytecbuigue and at two of the bvles d'appications o which the pofy-
teckmivions could pass (94).
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9. CONCLUDING REMAKKS

Aftee utlining w trio of mathematico-physical questions and relaring them
0 & tio of philosophico-physical issues, T applicd the resulting scenatio to a
pasticulac group of developments in classical mathemadical physies, 1 prefer.
red to concenteatc 0a one period because it is especially rich in clashes, dist
frecments and ahiematives pestaining o the scenario and so furnished & tighs
tet texture than coald be provided by  scattering of examples with no special
connection with each other. Howeves, there is 0 pacticolae Frenchified charac-
tet in the sceaalo, and examples of ifs interactions can easily be found in other
petiads of histocal space-time — they could even be found in modern work,
since, the sceniio itsclf s s specifcally historical (95). 1 hope that specialists
in other arcas will try 1o make use of it, for it seems to have utllty in indicating,
in reasonably gencral tems, at least some of the seasoning why the use of mathe-
‘matical theocies in physical theories is & complicarcd business.

IF the sceoario s taken, out on. any pacticula historical contexs then gues-
tions. arise. A arise: sboald the mathe-
matising physicist use one mtber than the others?  As it stands, the question
is. wuder—etermined: criteria of prefescnce cannot be offcred until & specific pur-
pose is indicated. To take two types of example given easlier, the choice could
e differcat if one i secking new results rather than systematising a collection
of known ones, and diffecent again if ane desires 4 good teaching scheme instead
of some rescarch-oriented purpose. Thus the next question is: on what kinds
of ground would ane prefer one purpose over anothes? 1doubtif s geneal theory
of men-preferment can be offered: indeed, semembering the wide mnge of
combinations available st the base level, plurality at this place of metametathear-
ising may itself be the best answer of all,

) the_scicnces are like a beautiful
;|v=r of which the course
llow, w}

abscarity, vague
circles; and one loses oneself in the
prinitive ideas.

Lazae Carmot (96)
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