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SALVO DYAGOSTINO (%)

Maxwell's Dimensionsl Approuch to the Velocity of
TLight: Rise and Fall of a Paradigma

1, Ivrronvcron

Maxwell's conteibutions to physics have been exweasively scrutinked by
‘historisns in the luse decade, Certain aspects of his work, howeves, aze st
pastilly unexplored, An example s, in my opinion, Maxwell's chectromagoetic
theory of light and, in pasticulur, the metrologieal and dimensional theorics
which represent & lazge part of its supporting evidence. In fact these theorics

Wilhelm Eduard Weber (1804-1891). Maxwell's conclusion was that Weber's

conversion factor, which in Weber's theory correspanded to a lative velocity

of motion of electric particles, was representing, in Maxwell's theory, the velo-

city of cloctromsgactic waves snd of light. A momcatous conclusion because

it transformed  velocity of motion and  relative velocity in » propagation and
elocityl

The concepenal difficultics preented by this mansformation ace document-
od in Maxwell's papers and specifieally in the many routes he followed in the
course of his scientific carear in order to reach a satisfactory demonstration
for it.

The proof of the clectromagnetic theory of light s assigned by Maxwell
to arguments of various kind, but the most important one is the demogstration
that eleciromagnetic waves propagate in the actherial medium with velockty
of light. This demonseration is presented in diffesent forma along with the deve-
Iopment of Maxwell's electromagnetic theory, since the first paper he devored
1o this problem in 1862, until his 1873 masterwork: A4 Trastine an Electricity and
Magutise.

T all of e works Meswels i3 Bosd with the problm of checking o
theoretieal value of the velocity of the electramagnetic waves, calculated by his
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electromagetic feld theory, against the velacity of light, known to him be-
cause of measurcments made by Fiseau (Isﬂ) Foucanle (1862), and slso by
the ones related to the abeeration of light, An independent measurement of
the velocity of the electromagnetic waves was, in Maxwell’s time, beyond the
reach of his experimental techigue. Heinrich Hertr, as it is known, experiment-
ed and measured the velocity in question, eight after Maxwell's death,
Maxwell however succeeded just the same in messuring indirectly this velocity
and found that it was spproximatedly equal to the velocity of light.

In this paper | am primarily concerncd with Maxwell's indircct procedure
in measuring, throughe Wehee's factor, the velocity of his clectromagnetic
waves and with the difficulties he faced in reaching a satisfactory demonstration.
These difficultics are mainly due to the Fact that, in Weber's theory, the exist.
ence of Weber's factor, .. of a ratio between the two measures in clectrosatic
and in electromagnetic units of the same charge, was a direct consequence of
those parts of Weber's theory, the foundamental law, and expecially the convee-

tive conception of currcnits, which Maxwell did not accept. Die to this, Max-
well lnnnd.umd in his theory Weber's factor us 3 consequence of dimensional

In may vi Maxwell's recourse t dimensional theorics, in his
demonstration of the equality between Weber's factor and the velocity c&lugm,
eas maialy justificd by his refusal 1o acecpt into his checiromagnetic theory the
“ convective hypothesis of cusrent ", which he labelled in his Treatise 35 an

* execedingly artificial hypothesis . % ane considers that the convective con-
ccption of electriz current has been, since Larents's time at least, the main pil-
1ar of any moder theory in Elecorodynamics, one can sealize how, through

faxswell's theory was deeply typificd.
s have perhaps favoured those parts of Maxwell's work
which are, more or less, selited to our modern theory. The consideration of
some outmoded or contraversial parts of his theotics, such as the caes dealt
with in this papet, will coatribate, 1 hope, to & better uaderstanding of the his-
twrical collocation of Maxwell's Electromagnetism.

2. MACWELL'S VARIOUS AFPROACIENS JOX A SOLUTION TO THE JRONLIM OF THE
EQUALTTY 1aTwrxy WENER'S PACTOR AND THE YFLOCITY OF LIGHT

The antefact s that Weber in his theory (1) defined a system of Absolute
Units for the clectric and magnetic quantities and introduced the concepe of
chmmacteristic yelocity of motion of electric particles, which in 1856 ke measused
in form of 2 * conversion factor ™ between electric units, thanks to the ald of
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his colleague, the experimentalist Rudolf Koklrusch. Together they found (2)
thif-fctor o be approxmately equal sumerically to. the velocity of light, bur
to this result the two German physicists did not attach any significance s a pos-
sible hint for the unification of light and clectricity, On the ather hand, Maxwell

a theory i which It was shown that Weber's factor was in fact the
welocity of light.

Tt may be helpfull, for the understanding of what follows, to notice that
all the various solutions given by Maxwell in his scientific papers to the problem
of Weber's mtio ot convession factar, can be considered a5 formed by two dis-
tinct pariss the first one (1 call it Past A), mnm-mmdmm
magnetic waves to the aethercal constant & and g, the " dielectric capacity *
and the “ magnetic permeability ” of the electromagaetic acther. ‘The other
ane, (Pase B), connects the same actherisl constants to Weber's matio of conver-

the electromagnetic-waves velocity is equal to Weber's ratio. Siace Webcr's
satio i oumerically cqual to the vduﬂlyofhghl,andlMpmel that elec-
tromagnetic waves propsgate at the speed of light. This correlation constitutes
in facr the indirect messusement fos waves' velocity which above I hinted abour.

The development of the complex set of conceptions and theoties which lar-
gely deals with Part A, has been adequately analized in recent years by hiseo-
Hm(!).mmﬁhmhﬂwmupﬁlﬂﬂlrmnmmd[m
that this Part also offers intesesting clues (4). In Part B Maxwell in facts is
confronted with the problem of connecting Weber's factor with the constants
of & catissmer and fixed astier and with the velocicy af fbe wurer, not with that of
the pasticles, as in Weber's theory.

Maxwell's straggle to find arguments in support of his theory, is, in my
opinlen, significantly documented in his various attempts to connect Weber's
factars 10 the constants of the sether, & necessary prerequisit in his theory to
stach the conclusion that the sme factor represented the, velocity of clectro-
‘mmgnetic waves in acther,

A ek vy of My g may be usefull before procseding to
& more demiled

In his(5) “On Phg'-m Lines... " (1861-62) the connection between We-
ber's factor und the velocity of the clectromagnetic waves tums out to be depen-
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dent on an * sd hoc " hypotbesss, the sdoption of an hypothetical elastic model
for aether. The wave velocity is also derived from the known velocity of an
chistic wave.

I his (6) * A Dynamical ‘Theory..." (1864) the novelty resides in detiving
the electromagnede. waves velocity from a D'Alemberi-type equation, and
his method implics & cemin degree of immunity from the ehtstic argument.
The recourse to the thoory of two Absolute System of Uniss, in connection with
Maxwell's engagement in the works of a Commitice for lectrical Standards
(1863), was helpfull in relating Weber's factors with the acthereal constants.

In his(7)" On & Method... > (1868) an important result was teached: the
corelation of Webers factor with a matio between electrostatic and electroms-
goetic forces.

In A Treatise (1873) Maxwell performs (8] 2 grandiose operation: the cons-
truction of & complete metrological theory of two Absolute Systems of units
for electric and magactic quantities, and the development of a consistent theory
of dimensions of these quantities. The operation aimed ta introduce consis-
tently Weber's factor into the theary. In fact, as a consequence of this oper-
ation, Weber's factor appears. coasisteatly in every dimensional and numerical
selations between the units of the quantities in the two different systems. The
equality is then demonstrated by simple formal mathematical passages,

‘There s perhaps no better way to appreciate Maxwell's ingenuity than
o follow in some desail, throught the above mentioned works, his atterpes in
overcaniing the difficaltics which were inberent i his various sofutions to the
problem of Weber's factor,

3. Tuem. 165 AND MaxweLL's Tumone

Ta my knawledge, Maxwell, for the st time, quotes Webes in a lettes (8)

0 Thomson, dated may 15, 1855; suggested by Thomsoa's Maxwell reads We-
ber's Elibtrodsuamiscbe Massbestimmirgn and his comment fs:

1 have been examising his (i.r. Weber's) mode of connccting electrostatics

h induction etc., T confess 1 Lke &t not at firs... but T

ew ase founded on experiments which are trustworthy
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There i5 no meation, for the momeat, of any idea of & theory of light.
Maxwell mentions this theary in a letier (10) mailed from London, on Decembes
w ll€| in which he describes to Thomsoa his particlar model of particles

celles adding thae he * . calculated the sclation berween he forees aad the

ipposition that the celles are that their cubic

and linear elasticitics are connected s in & *perfect " folid...”, Tt can be ar-

that Maxwell worked (11) at this model and the theoey thereoffin Summer

1861, He then speaks of ™ Webee's value of the statical measure of 2 unit of

electric curcent from which be deduced the relation between the chisticity

40 densiy ofthecels, and the elociy of tnsversé ondulations. The concl-

d that Weber's

it appears o b, mhdfﬂ:wlmqorhgh;(u)mmﬂh

r second ”. Maxwell’s original impact on Weber's metrology and the
‘velocity of light was destined to a great * seguito ",

The British Associstion for the Advancement of Scicnce, founded in 1831,
appointed in 1862 2 Commirtee on Electrical Standasds, aiming at the determin-
atian of the best system of Bieetrical Units. €. Wheatstone, W. Thomson, F.
Jenkin, J. C. Maxwell, C. W. Sicmens, B, Stewat, . P. Joule, were among the
Commitice

members (18).

‘When Maxwell joined the Committee in 1862, the first twa Pants of his
186162 * A Physical Lines” had been receatly published. These Parts dealt

mainly with 4 field theory of elecuostatics, Faraday's induction and Ampere’s
forces, In Pact 3, * The Theary of Molecalar Vamices Applisd to Statical Elec-
tricity ", Maxwell presents (14) his first version of the clectromagnetic theory
oflight, and fo the first time, in.a published paper, he refers to the experiments]
‘work of W. Weber and R. Koblrausch.

In order to fally grasp Maxwell’s conception at this stage, one should con-
sider that his impact on aptics fallowsd an half-a-century of researches and

in elasti Auguwia Fresnl and Augu-

dnhmﬂuurhy,nmngo&tgumdﬁdmthvvbvd some complicat
effocts of christalline optics could be explained by-p!r]nucllypolhm!lnd
mathematical analysis. Geoige Green and Gabriel Stockes in England had pur-
sued the methods of mathematical-physics to works out clastic theordes of an
optical acther. Maxwell himself contributed (15) to clasticity in one of his fint
sclentific papers.
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This background is relevant for an asscssment of Maxwell's initial approach
to Weber's factor, explaining ! that, in his fimst identification

of this factor with the velocity of light, the elastic theory could have still a role.
In fact in Part 3 of P.L. he prescats(16)a detsiled hypothesis on the elstic pro-
pertics of an * electric aether ”, through which the relation between the * elec-
tric displacement ” and the * electric foree " are dedoced.  Analogy plays an
important role in the deduction: cach quantity is endowed with s double sefercar,
00 to the chtic and the osher o the eletrc theory. The quantity E, 4
eosfficient dependent on the natute of the dielectric® connccts the ® electron
motive force " R wrbe * electric displacement ™ 4, mmeq\nunn Ru- 485

propagation of a wave in an clistic medium and, assuming that the * density
of the matter of the vortices ", s, is unitary, ene hus: ¥ = E.
Mastwell has now to show that this velocity equals Weber's factor.. From

solid, b deduces (17) Coulorulss law, i the forms o P dpdrecsnd i
Because the units ording to Maxwell, compatisan
with the same law in the usual form, — /s, * measused lﬂunﬂr" allows
one to attribote to E the meanlag of 4 coaversion fuctar between * dynamic
and electrostatic units ”, Provided dymamic units are idearified with the Weber's
ele eeic units, ehe factor abave 1t then Weber's factor. In shorr, magnetic
disturbances, predicted by theory, propagate with u velocity which is equal o
Weber's factor and.the velocity of light. Maxwell annonaces (18):

1 have deduced from this result the relation between the siatical and the
dynamical measutes of eléciricity, and have showm, by & comparison of the clece
i exgeives of M, Koo and Weber with the velocity

of llghxnr foand by M. Fiseas, tha the lasticiy of the pagocci mediam fa ic
the aad equally

clastic media arc not rather onc medium,

“The streaght of the argument is the partial analogy between ¢

phenomens, on one hand, and clstic behaviour of solids on the other, A e
well known and aecepted analogy for the British electric sicentists of the middle
of the ceatury, ranging from Furuday's amlogies on the behaviour of eurrents
in cables, to the mathematical elaborations of elastic snalogics of William Thorn-
son in the fifties.
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electros al points: in the deriv-
ation of the law of propagation wlndlylnd i the dehtion o Conlcab'
law in s second form, In the batter law the choice of the units Is ambigous
bmushﬂzuammywmmsnnnmwhydym::wﬂﬂmmhﬂm
tiied with Weber's electronmgnetic. units; the help of mescology Is aot yet a
fll oue. o fax Maxwell st sicp will b e iteaduclon oF twe: charly
defined Absolute Systems of units.

4, METROLOGY MAKES ITs BXTRY 0N MAXWELL'S OPFICAL THEORY STAGE.

We have a clear indication of Maxwell’s engagement in the activities of
the Committee on Electrical Standards in. 1862-63, According (19)to one of
Maxwell's students, W. . Niven:

In 1862-63 [Maxwell] took a promisent nmdx riments ized
a,,.cnmmlomnln o 1" oiation f"ﬁw
s e T nducmd King's Co

experiments which were co st King's
m e Pl e 15 Sit W om0 Lo bk mmu“wﬁ:
in succemive years [.),

Mazwell and Thomson's activity had & determioant ole in orienting thc
Committee's work towards 3 metrologieal progearme of a high scientific level,
inspired by Weber's Absalute Systems of electric and magaetic units. A perusal
into, the sonusl Reports of the Beirish Association for the same period, docu-
the Committee program
from.she defition and eonstrucion of " eloas”, (4 rather engincer-sile
approach to the jecti
tic wits) o the apparsaly mone difficalt determisation, by abatious ooty
measusements, of uaits in each of the two Absolute Systems,

RN SR g T et the * Report of the Gom-
by the tide * On the Flementacy Relations berween cloctric Measu-
(1863), the conception of two complete Absolute Systems of electros-
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tatic and electromagneric uaits is presented (21)as the only one eoasistent with
the present knowledge of electromagactic phenomens and of their connsction
with the mechanical measurement of space, time and mass. It is emphasized
that the completencss of the electrostatic System was made possible by the disco-
very of Joule's law: on the thermal effect of an clectric cureat i 1841,

Tt is noteworthy that Maxwell presents in this paper (22) vasious statements
an his conception of “ quantity of electricity ™ cleadly stating that * charge !
foe him §4 ot necessacily distiner from matter as in Weber's conception:

In speaking of a quantty of ekectricity, we need not conceive it a3 4 sepamte
think, ¢ entity distiact from ponderable mariee, any more than in speaking of
sound we conceive it a8 having & distinet cxistence, Sl it Is conveaient
sk of the ety ot velocky of sound, 10 avoid edioos cirumlocurion;

te similasly we may speak of eleciricity, without for & moment fmmagin-
ing; St any e B e

It s not & mere coincidence that in the above pissage Maxwell neatly for-
sulates his refusal © accept 3 Weber's type conceptinn of charge (and coase-
quently & convective conception of curreat), and that, in the same paper, he
formalates for the first time 4 theory of units and dimensions, bectuse, in my
opinion (23), metrology and - dimensions represent Maxwell's substitutes to
Weber's o,

T “On the Elemientary Relation.., Maswell proseats (24) for the fint tiee
his theory of * dimensions " of physical quantities. What deserves our ateen-
tion s the liok be camblishcs berween the dimension of & Quantity and i
physical attributes, by sssuming that if & quaatity X bas the dimension of
velocity, this quantity s a velocity, This link, once cstablished, will make low-

21 " On the Emestaey Relations between Blecerc Messaremonss'!, Appedis C o * gt
o the Gommitir,..#, qut, 10-1831 131
13

(23) In face, e
s 5 thficrense bevweens & Coulomb's force F, s m Ampere’s fosee berween cermeane Fy
FeF—Fu
Conlousb's uw of 30 o elecarsauale i, 4,

By the amal e r
in cietnodyoumic nivs (Ampere's forcel, 1, Weber cily g
rded = tr = Weber's velnciy]
cnvcn, b die Elektriceimange. ", qua.. 605, Becaust Msswel sefeced
e ka3 i et comept of thars 1 e cutsr, 0% oo vy
o i o W' o ot o sl s i s Colonb' s
rperes e,

. Wrsea, 1. K
W

el = I E ] = M e = 7
L) Maswel's. symibol for dimension,
I e tramisionil panpeny, bisreell conchues rty — . As scgards defiivion of susse,
cumiouity cqation and evavective of corenn: . Waizrecen, A iy o she Thouriet of
Tntter wnd Eetriy, 2 vl Somn, Linion 1R0-1953, vol, 1, 176.
28) 0 the Blementasy...”, g, 132-135
{25) Rejoat of the Commisse...", ot 138
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induction and Ohm's law, the resistence R

» conducing wite. By Faraday's
can be expressed:

] n) B

1/, velocity of motion of the conductor of lenght L, trasvessed by 4 curcent G
in'a magnetic fickd of intensity 5.

Ore carows comseuence of these consdeaions I, that dh sesitioe of a
conductor in absolute messure is \; apressed by a velocity; for, by
sl (), when S~ Cwemrc R = that 15 to say, the resistence
toz may be cxpeesscd or defined a3 eqoal w the wlpcity with ehich & tzunt
el g w.;;:-‘:::uu:! desribed, o o peagiaie 4 curtent
s 101! toduct of o the cone ucturmm intensity of 1l
S BT mane ety e restenes o  cicelt  the. velocty with which
the <o umiry (mnnm uceoss & wagnctic fild of nit nren.
sity In order to genemte current in the ciscait (My underlining).

The transition from dimensional to physical propeny, inttoduced in the
above-cited passage, will be emphasized and cxpanded in A Treatiw. The
Report for 1863 ends with the annuncement that 4 measurement of Weber's
factor is included in the plans for the Comenitee foture works.

L) by Maxwell to Gabriel Stokes, dated October 15, 1864, we

-hand ndication that Masvwell thought he found & way of by-pass:
.n, s O Physical Line. o the problem:

T have now materials Snr velocity of transmission of 3
e L
my bypol Ilyp)lh:nu about the structure of the medium or any mechanical explacation

electicity and magoetisn.

In the s leter Masnel uccrons the problem of the velocity of “ slow ™
and *rapid  disturbances snd 50 concludes the passage: “ We are diviving
methods to detcrmine this velocity = electromagnetic: ehectostatic units of
electiity..

He refers o his and Jenkin's experiment fo & measucemeat of the * cxpa-
ciy of a conductar both ways " and 1o plan of  direct equilibrium berween
this is & clear
it thatthe experiment which hois preparing is that desceibed in s * A Nnncm i
(1868). 1 think that in the passage sbove mentioned Maxwell meant by
rimental evidence " the more dircet link between the measurements of Webes's
factor and the velocity of the waves, that he had aow achicved throught the
metrology of the two systems.

(5), Mo st St Ciripmdor o o Le i G Gabit Sk,
i g L e g sl el i i
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5. THE ELIMINATION OF JYPOTILESS AND THE EXPERIMENTAL EVEDENCE TN
' A Dysasicar Turosr op T Ercrsosagnenc Funo '

“This achievement is openly evidenced in his * A nﬂumm: mm
(1865}, ic theory of lightis

t7, 8 consequence of the development of the metology g
“A Dynamical Theory...” Maxwell derives (27) the second foem of Coulomb's
law from a field—energy expression ( remmant of the elistic analogy) and from
Gauss law:

[Encrgy] = PAE = 172 PE, div £ = —c, Pi=kf

“Tbe burden of the proof that Coulomly's law is expressed in electrumagnet
anits rests on Ganss faw, and the expression for oergy. Becavse the rh:on' 5
elasticity is still in the background, the theary is not & pure pheaomenological
one not it is purcly founded on metrological arguments.

Howeree the recourse to clastic theory bas become now hidden in the
background. In facs, once the two Absokute Systems of Units are introduced
in the theary, Coulomb’s Jaw in the second form Is thus * expressed in terms of
the Blectromagnetic Sysem of messuzencat which i fosaded on the rechan-
ical action between currents

electric ehatges in electromagnctic uaits; k the * dielectric capacity of
ether s & =48

By coparison (26) with the sme law in electrostaric units: m, s, ka
the squation above, Is Webee's ratio of units, The other imporian achievemeat
is the on purely und, of a D'Alembest-type
<quation for the magnctic field, where & entess as & factor in the displacemeat=
earent term.

The propagation velocity Is3

V=

Since in clectromagaetic unis, in air, i =
Ver

the propagation velocity of the waves equals Weber's velocity and conversion
factor.

{0 Mugnas, A Dyl ", guts S, 836
B, 579,
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The mechano-clastic unalogies are now (30) secording to Maxwell relegared
to the role of {llustrations to assist the reader’s immagination:

Ta using such words as electric momentum and clectric elasticity in
ence 1o the known. hawmlofﬂleb\duuhﬂﬂ'ummﬁmdm
of dic! Fxnbsiwuﬂ‘:mmjzmdjm!bcwnddlhmdnm
nomenz which i derstanding the clectric ones.  All such phea-
4¢3 In the present papers are o be considered a3 illustrative, not &s explanatory.

A Dynamical Theory... * ends (31) with a comparlson between the seli-
induction. cosfficicnt value of 2 coil, calculated through Maxwell's new field
theory, and that messured by the Comeittee’s experiment at King's College,
London, 1863; L « 430165 metres (caleulated), L = 456748 metres (averad-
ged by method of least squares). Anothes evidence that Maxwell was also inspir-
&d by problems raised by his work with the Committee.

6. VELDEITY OF LIGHT AND COMPARISON. OF FORCES IS 1568

The Weber's factor measurcment, announced as part of the Committec’s
progmmn in the 1863 Report, was delaicd wotil 1868, A short summary of
owo medbods for the same cxperimeat, by William Thomson and Maxwell him-
self, was published in the Report of the Associarion for 1860, = Besides, Max-
well pesented a Memoir to the Royal Socicry, published (32) in the Plyibispbiest
Trancactions, in. June 1868 with the tite: * On 2 Method of Making & Direct
Compasison of Elemosaiz and Eleczomagrets Fosee: Wi A Not on the

Li
The first part of this NEII\M duh with a deseription of M-xw(ll s experia
mest, which was cleverly conceived as a balance of an cl tic attrsctive
Force, (berween two metal disks conneeted to two different points of a eoaduc-
ting wire), ind 3 magactic repulsive foree between two coils of the same wire,
fixed to the same disks.

The tw forces were expressed tespectively in terms of Coulomb and Am-
plee’s laws and Weber's factor was. introduced (33) in the balance equation as 2
conversion, factor between the electrustatic uaits (Coulomb's law) and electio-
magnetic units (Ampére's law). Note that two systems of ualts were used can-
sistently in the same equations (ihe conversion factor was introduced to satisfy
an homogeneity principle); this Gauss-type method will be absadoned in A

£
AT
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Treatise favouting the use of one system at a time. Due to the fact that ecetros-
catic foree was produced by a potential gradient scroes 4 high resistance (28798
OHMS) and that in the cleetromagactic system a resistance has the dimensions

of a velocity, Weber's factor was measured (34} cither in teems of this resistance
or in " metres (sie) per second

# = 288,000 000 metres per sccond

(Everadge on cleven results. the * probable exor ™ is, accurding to Maxwell,
“about ane-sixth per cent ™). Maxwell thus messores with his own hands
Weber's factor and he considees the result & gond spprosimarion to Weber and
Kohlrausch’s v = 310 740 000 metres per sccond.

It s relevant for my thesis for the importance of the deduction of Weber's
quality in Maxwell’s theory that, in the theorctical Part of his Memoir, Max-
el presents (35) this deduction alone s  proof fut his ectromagnctic tbeoty
of light.

The statement of the electromagnetic theory of light in my former paper
[Maxwell cefers to his 1865 * Dynsmical Theory... "} was connceted with sev-
enal other clectromagnetic investigations, and was thercfore ot easily under-
stood when mken by ielf. 1 propose, therefore, to state it in what T think
the simplest form, deducing it from admitted facts, and showing the conneetion
herween the experiments already deseribed [Maxwell refers to his measure of
Weber's factor] und those which determine the velocity of Light.

“The Scottish physicists supports his feld theory by showing that both
sival Riemaon und Losens's theoties of sctarded action, kead to pacadoncs.

In the * Note...” (36), an application of the fild formulations of Faraday's
induction law and Ampére's law (with the displacement enrent term), gives
s propagation equation for 4 magnetic field (D"Alembert type) and » propag-
ation velocity 17 in the same form as in * Dysamical Theor The novely
consists in that the balance equation for the equilibdum of forees is pewritien,
but, this time, in terms of ficlds aod it is compared to the farmer equation for

‘balance of forces, where Weber's Fictor appears 45  conversion for uaits.
The comparison gives #* = pkfd=, Le. Webee's factor in torms of £ and
Equating it with the above (1865) expression for 17, the conclusion (37) is:

W=

Adding the satement that, in air, b * avmmnd equal 0 unity * (sndeslined in

- 4On 4 Method..”, gty 143.
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Thus Weber's velocity becames the veloci

In the above passage, Maxwell ranks his proof t a0 less thea & deduction
* from admitted facts ', an homage to Newtoa's unperishable progouncement.
The procedure has the advantage to avoid the Coalomb's law deivation in the
sccond form from elastic analogies, bt if uscs ambiguous merrological consider-
atioas in “assuming " = =1, in air and in wery syseem, The wssimilaion of
Weber's factor o a atio herween eleerrastatic and electramagnetic forces, brings
into Maxwell's theory features that are very akin 1o Weber's ones.  However,
Maxwecll's deduction lacks the genenlity of Weber's law of force, from which
the same ratio derives its full theoretical justification. Tast but not the least,
Marwell abandoacd this spproach in 4 Trarsise, in favour of another one foun-
ded oa 0 complete theory of the Absolute Systems and a theory of dimensions.

7. Mernovoor axn HEDRY OF Drumssions v A Treatie: of Ehectricity and
Magetisor

B T o B A et e ks g kv
fers(38) 0 Fechner and Weber's conveetive coneepion of electic cortene 11

“an esceedingly artifieial hypathesis * which he does not sceept because of its
inconsistency with encrgy eonservation and because “ electricity in the wire
cannot be considercd as the moving body in which we ate o find this cacrgy,
fo the enrgy of & moviag body doss not depend on anything estemnal o itself
whereas the presence of othes bodies near the current alters its energy ™. |
think that this passage and Maxwell's 1863 suutement (quoted sbove) give suf-
ficient evidence 1o prove thar he docs not accept Weber's idea that a curreat is
is & motion of charges (39).

In the same work be gives & stronger emphasis s the theory of the comple-
rencas of two Absolute Systerms of units and the related theory of Dymensions.

These theories are presented (40) in the introductory Chapter, * Preliminary™,
and in Pat 4,  Electromagnetism ', particularly Chaptee 10, ** Dimensions of
Electric Units ™.

He remarks that the two systems are non cosisteat, a5 fac as dimensions
ae concerned — in the sense that the same quantity has differeat dimensions
in the two systems — and be proposes: " to begin by stating those relations bet-
ween the dilferent units which are common to both systems ", For instance the

(0 1. . MAxwi, A T, ot Avt 52, S s fo 1he e probiens A, 13, A
) oo Masuclty view i the s of s coces e, B ok Mo

2,

i,
Foorkina 4 conicipus ewbaryt A (ot oreraary s haser; i charg i o]
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following products have (41)alware (ie. in both systems) the dimension of
energy:

quantity of clectricity x electric potential
«quantity of free magnetism x magnetie potential
electrokinetic momentum x electric current

Other products have dimension of an encrgy—density.

Then he presents (43) a symmetric armngemeat of quantities in two lines,
in such an ocder that * the quantities in the first linc are derived by ¢ [the elec-
tric charge] by the same operations 4 the corresponding quantitics in the socond
line axe derived from s [the magaetic clirge]. All the relstions givea sbove
are true wathever system of ueits we adopt 7, The TN why Maxwell
underlines in A Treatise the dirsensional imvarlance of certain operadons, is
that he wants to prepare the geoud in view of his spproach to Weber's problem,
The following paragraph (43) seates

The aaly systems of any scientific val
netie system.

are the clectrostatic and the eleetromag-

In A Truatize the eleceroatitic and electromagnetic system are explicity founded
on Coulonib's laws for ** quantities of electricity ™ and * strenght of magnetic
pole ", respectively (44).

I think that Maxwell's eestiction to the two systems of the variety of con-
ventionally conceivable systerms of units — a resteiction which i foreign to
Weber's metrological theorics — would be for us nuexplainable If we lack aa
adequate understanding of what T have called the * transitional propesty of
dimentions ™",

In fact in Maxwell's following pages are listed a * Table of Dimensions *

quanities (45) snd a table of thelt ratios (46), which “arc
Among these ratios the
— related v the former £ by K-«m_.
has null 0 in the clectrostatic system, and the inverse-square-of-g-
welocity dimensions. i the elctromagaetic system; the * magnetc inductive
:.\qu u hais (47) the reciprocal properties.
following property of the it bk wite o cquantity of eleetsicity
in mg two systems is then (45) announced:

16 the wnis of gt mass, o time ve the same [0 he syt che -
ber of electrostatic units. of el antained in one electromagnetic

(A1) T A,

148) e, A,
47 Iiidom, A,
(45) D, e,
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iy mameiclly el 1 4 e elocie,she absolue val of wich docs ot
dey Sy magnitude of the foundamental units This velocity
B et bl iy ik e Sl s £ A2 crab L

“This question is taken up again in Chapser 19, * Comparison of the Electcostatic
which the Electromagaetic Units * (49).
Tt appeacs from the table of ditnensioas, Art, 628, that the aumbee of eke-

tostaic units of electricity in one el u: ualt vasies Mvusd a8 m
gl of the vt of e, s iy 5 e v

the time we adopt.
e thretors we s & veociy which i
thit number, then, even if wee adopt new units of leoy
il el

city in ane electromapaetic unit, aceording 1o the new sy

‘The dimensional ratio between the two units of quantity of clectricity (.
charge) in the two systems in thus assimilated to 2 physical quantity, a velocity.
“The treansition is then from dimensional to physical property: if a quantity X
has the dimension of a velocity, X ir (i+. physically mpresents) a velacity (Tran-
sitional proposition).

This last argument, based on metrological and dimensional considerations,

should have not suited entirely Maxwell, if be immediatly afterwords (50}, in
the same Chapter, turns to another type of dempstration. To show' that the
quantity we are in scarch of is really a veloeity * and * to obtain a physical con-
ception of this veloeity *, This proof resembles elosely a deduction from Fun-
damental Kraft — 4 Jr Weber — if it were not for the nowble difference that
it deals with macroscopic forces between charged macroscopic bodics in mo-
tion. The result of this demenstration is that the velocity in question s a rela~
tive velocity of motion berween charged bodies, nnt 4 propagation velocisy
of waves, the true object of Maxwell's present theory!
Afier all that, in Chapter XX “Electromagnctic Theory of Light” (51) the tatk
of coanecting this velocity with the actherial constant s now (52) facilltated by
the thearems on dimensians (and the implicit aceeptance of the transitional pro-
position):

The quanticy V, in Are, 'm \Euﬂl expresies the ukxlry ni ropagation

¢ ¥ equation
(1 nqnx to 1y

e i e, amd i e adopt the dlecirosatc sysem of mestors
ey n..:V--‘mmvamro( iion is
Scumiically s 5 the capibes of slocioostuic ol of

< dip 12 electricity
tromagnetic unit. If we adopt the electromagnetic system, K = »'m,._x
50 that the equation 1/ = 1 still true. S e

3 A T 5. oo Expeimcn and Thee
n o, g
513 1. Mwnisy A Towin s o, A 1B,

2 T, A 9.
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On the theory that light is an electromagnetic distorbance propagsted i
the same umumq:hmlhuwlurh other cf % scrions arc tmnsmitted,
V7 s b the velociy oflight,  uiniy the value of which has been cmier.
ed by sevel methods. On the o electrostar
units of electricity in cae electromag w unit, and [M mm.nd, of snmmmn,
s quanity habe been described I the st ehapter, “They arc

of the methods of finding the velocity of light. Hence the agreement or i
&ﬂuwmn(lkv‘lmdvmdn furnishes a test of the electramagnetic

y of light-

The demonstration of Pare B has been reduced to pusely formal pasages!

B DrMEssIoNs, LLECTHOMAGNITIC UNMITS AND SYMBOLS IN PHYSICS: AN WISTO-
RICAL SURVEY

Maxwell's metrological thearies can be better understood when situated
in their historieal background, the development of the coneepts of systems of
units and of dimensions in 19th eenmury physics. Alihough it is to Weber that
we owe the introduction (53) of a plurality of sistcms of uniss in elecirodynamics,
the discovery of s constant ¢, and its messuscment & @ miio of wnits, bowever
the german scieniist does not deal esplicily with dimeasions Jn his work i

odynamics. His approsch to electrodynamics, diferently from Maxwell,
was supported by a convective conception of cureeats and by the related fune
dameanal force (54).

Joseph Fousice is commonly considered the first who explicitly introduesd
dimensional acguments into his Therie Ansdrigu, and Maxwell quoted him
a5 his source in. his 1863 Reporc and in A Trasiw. Invariace of the equations
under change of nits is Fourier's main concern in introducting (55) dimeasions:

T o it semargoe que chigue gradeuc ndéteninés ou cosanie
# une dimension qui hu et prope et aque les terms dune méme équation nc pour-
raient pas ére m:znf_g «'lls n'avaient point k méme exposant de dimension.
Nows xvoms i considération dans la Théoric de la chalcnr pour
os définitions plus fixes et servir 4 vérifier le aaleul; elle dcuw des no-

tions umnﬂlnks sur les quantités: c'est pour cette raison quoc, Geo-
o & bkl que ls

SeiD elle éqluv:nl aux lemmes
Grees nous ont lai

ko semipt e 32 I SlAleis, b comilis (B meorine
seicon i s do Scpaideacs sobsletasies 2. For ¥, by I O okaiom
e dbpad polas du chois 3e Panios e loagoer, Qul 46 6 FabAEe Gt gty
et que, i Pon prenait une ual ur toe dimensions
linéaires, Pequation (E) seit eacore la mwéme.

b, Mosabet s, Zorwekf, der Stramis, Mess s Moek, W, i W, Wrmn,

i A d e e, P 1922, At 16,
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In Fouricr all the quantities I:| the equations have dimenslons only with
sespect to lengeh, time, temperat
Nt 1 ol s ik o Mok b oo ik
his Absoluee Systems, in Appendix C to the 1863 * Report ™ (36):
4, Disasioas of Derived Usits. — Every measurement of which we have to speak
iurnlws as factors measurement of space, time and mass only; but these measu-

rements catcrs sometime at one power, and somctimes af another. %
B o o of Exinlocomil I ot haiah, i Tox Wehie Pitpodias IEH
;mfuu o know at what pover cah of these Fudametal messurements enters
into_the deriv

Ths the valos of 4 fone §s direrly proportional 10 & length aad mmas, bt
iversely propostional to the e ks e “This is cxpressed by saying that
B Alesarions ok & fosce aet LBFT [2]. 3

“The wage of capital letters in square brackets to indicate dimensions was inteo-
duced by Maxwell in A Treatisr, and, in the same work, symbals in the equ-
R e

Willinm ‘Thomson s in good company with Masvwell in identifing (57)
dimensions of a quantity in & given system with the quantity itsclf (i Thomson
acoepted Marwell's. tmasitions] proposition):

Lsuppose o Sﬁmmﬂnlupr?:nl o d}h\wumph idioy i1 went 0 ay
that the weight of that pacee of halk is the fourth poswer of seven oz eight yards
ox Roraes v It okl be pestectly good sedue

We base seca that this ype of identifiction i what Maxwell proposes
in his 1863 * Repost ™ a0d in A Treati. Some Maxveellians (e, J. E. H. Gor-
doa, Evesett ctc.) followed Maxwcll’s vicws. William Kingdom Clifford, oa
the otliet sids, 100k  more anicolaced position in 1878, wnderlying the conven-
tionaly of the ncw symbolization of dimensions, fostificd by ifs comvenience in
the caleuation of the change of units; he sicd (£9) i ik opmrestrns ol

however a cause for * non sensc ", if the meaning of dimensions is uaduly
extended

- re the word per bas beea roplaced by for divid-
Sl el eyt mununn:'!n.dwld
‘od by a unit of time in the ordinary sensc of the words. But we find it convenient

vl !
‘erubers. 1 comples. qulisrive. bappenings. mircnulonly tecpelbls. b
.n.smuzmunmwm|-n,..-_o.o,.;=:.am..m£:m

hich b 1o hoceictam Iz pich + qesguniee of oclle and

1o makeanterprer. these

lr-l-h-h?“
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give & new meaniag to the words * divided by * and to the symbols which
Vot apres Then (] this consesience i e it i we bare 10
change from one unit o snotber [.].

Max Planck considers Maxwell's two Absolute Systems as part of a ser
of other possible systemss, Planck's admission of a pluraliy of systems implies
his conviction that the concept of dimension i relative to a given Spstens and
that it is * nom sense ™ to search for the * real * dimension of & quantity. This
conclusion (59) wipe out a passible objection ta the plunlity Hymi
2 quantity but, at the same time, deprives Maxwell’s two systems theory of its
label of being ™ the only scientific " theory and, dismisses Maxwell's argument
in favour of Weber's equality:

t that when o defiitve physia] quanciy i measured i o dif-
Secunt puecas. ol 1} bt ot ool S ssrical values, but also diffe-
sent dimensions, has often been interprered as an inconsistency that demands.
uphuum given raise to the question of the real dimensioas of 2 phy-
sical quantity.  After the above discussion it is clear that oot ey o
more sense then inquising into the real name of an object,

Giovanni Giosgi (1871-1950) was coavinesd in 1901 that the shortcomings
of Maxwell's two Absolute Systems, as regards an appropsiate size of their
units for the practice, were not repairable through n appropriate re—definitions
of the fundamental units, but required the introduction of & fourth Fundamental
unit. He urged to abandon the three unit systerm, which had been inspited, sccor-
ding £ him, by Gavss and Weber's mechanicistic spproach to elsctrodynanics.
Giacgi proposed (60) the well known four-unit spster, vting the Obm 25 the
fourth wnit for electuic resistence. What he objected (61) in Maxwell's theory
was also that the constants, in Coulomb's luws for cleetric and magneric charges,
could be cqualized to unity, becuuse they were not mumerical cocficients but

* physical constants , an iadex of * the capacity of space of being charped with
encrgy " (i, the theee-unit system is ovesdetermined),

In the 1933 the American Committee of Physicists and Electricians sub-
mitted 1o the Special Committee of the Eleetratechaical Commission the adop-
tion of Giorgi four-unit system and the Commission in October 1933 approved
the proposal.

Tn 1935 Amold Sommetfeld decided (62) in favauc of & four-unit systems

“The artodax aumber three, which is at the base of the so-called absolute
system of measurement, could be considered as mandatory as long as one

sy, ey of ity o Mo o 1 3. P, Mo b e
n.,.m., e, Lo i =4t
e fi, Dy o Sl Bl
cm.s, Mlel?u'Lm 5
gt e 4 ket G, Rl 19, 34 o .1
RILE 'IA. Ti6
) A Soussmrcs, « Ubes e acke Gromea ™, Py £ 17,
1935, W61 e s v s T ol 7 e e
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hoped to derive electricity from mechanics, This time is now over. omnzm:
l\llolm:!lgtun(dn(umqunm:quumu: «when one forces them, in the Pro-
AT T e s e e eac o sk Sy o ot s £ s
it systemn.

Tn his celebeared Eletradymamics (63), Sommerfeld waras againse what he
considers the funest pedagogical effects of Miwell's two Absoluse Systems:
#We have frightened generations of students with these two sets of values for
chacges and ficld strenght [..”

He also quotes among * so maay other carifications In the question of uaits ",
# funny cxample by J. Wallot:, in which a fusdamental velocity is madk to ap-
pear in acustics theough i appropiate choise of constants and ualts.

Coning to a modem view on the problem of fandamental units and dimen-
sions, Wolfgang Panofsky afficms (64) that *in clasical mechanicy conventio-
nal chaces of appropriate systems. of units present oo problem *, however, a3
cegads the clectromagnetic theory * the conventions are of mose recent arigin

ial ", The face that in this theory a fandamenral
constant, the velocity of light in vacum c, appears, hay the consequence that
** physical laws scale correctly over arbitrary magnitudes only if ratios of length
and time are beld constant [..]. If the MLT system is used in the mechanical
quantitics in clectromapnetic theary, the constant ¢ having dimensions LT will
appear explicily ™

Tt scems that the avove solution does not satisfy D.C. Ipsen (65), because
* the ide that correspondent concepts (1. commespondent quantities) in the elec-
trostatic and clectromagnetic sysiems are different (have different dimensions)
s rathes unpleasant *.

9. Coxcrusons

There s today agreement among Maxwell's scholars that the Innovations
e Vil ik S ey 8 T s in gencal, also
cancern new mathematical (analytical 4 geometrical) properties of physical
quantities. - Analogical similasities, vectorial snd tensorisl symmetrics of the
electric and magnetic fields are the tools of Maxwell's handwork. They have
an impartant role in the contee of his clectromagnetic theory.
What 1 think is poteworthy is that,in some instances, Maxwell inveaded (66)
w symbols for physical quantitics which significantly cmbed and express

{89} A Soumnra, Fbirimemi, (chen m Thve s, v, 1. Acadic Pvs

(Clesckal ity amd Mageriom, Aikiyeon Wisley, Bosioa 1955, 375,
Tiow

M-dhm‘-bhm‘-r e Grre-1 York 1960, 91
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the afoce mentioned mathematical features, 1 mean the notations (67) for the
vectorial opesators of curl, convergence, concentration, ere. some of which
are Maxwell's ordginale {ather are Kelvin's and Hamilton's). Amang these navel-
tics I think one should inclode Maxwell's original notation for the diiensions
of physical quantities.

It is not & mere chance that, in the same period Kelvin asd Hamilion,
slong with Maxwell, intcoduced new symbols in the mathematical codification
of physical law; these scicatists shared the implicit convinction that it proved
untiecessarlly cestrictive of the potcatiality of mathematics in physical thenry
1o consider physical symbols ax purely alpebruic numbers.

1 think it is in this train of ideas that Maxwell discovered that dimensional
rules, besides being a uscfull ol (in a given system of wnits) for checking the
cocrectaess of the passages in the equations, also posscss othes propectics like
invarkaoce uader the change of system ete. (b wrote Chapt. X of Past 111 of
his A Treatite to esamine these extra peopereies of dimensions). In o doing
he averloded dimensions with properties — sach as the transitional propesty —
which proved an uaduly extension, or a strecthing, of the theary, and be attsi-
buted o his two absolute systems singularities which were considered, by some
of his successors, festrictive of the free choice which is the conscquence of the
conventionality of any specific system.

Hiddea inconsistencies are in fact found in the trensitional propesty. The
vecy fact that the same physical quantity, q
ities, hay diffescat dimensions in Muxwell's two systems (i, the transition
dependable on 2 particulac eystem) casts inta doub the general validity of the:
tramsition ie. the relishility of dimeasions es a source (counter part) of physical
properties. As shown above, diniensions are however invariant in the two s

is necoptance
property is,in my opinion, the manifestation of an extreme tension in his logic o
rescarch i idable difficulty of Part B of his i

theory of light. “This difficulty was maily & consequence of his rejection of the
convective conception of an cloctric curent. His. implicit recourse tn what
T called & transitionsl peoperty war & way of clrcamventing it.

In my opiaion Maxwell's sirotching of his dimensional theory &

the medal. The trend iy ination of & theory towards its
the * idea of ™, is by Siegel rightly consi r
5 onc of the awst intresting feature of Maxwell's style.

7 e, 138
Sirars, “ Completnsess
173, 341-348.

Goal b Masesll's Mecusvmagaeds Theoey ™, I, 6,
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1 am conforted in this interpretation by Northoa Wise's remark (69) which
explicitly referes to Maxwell's dimensionsl analysis and its connection with the
“ campleteness "; * The idea of cornpletcness, implicit in Maxwell's techaique
ather than in his methodclogy, also exphi well knowa concern
with dimensional analysis in physics and with the mathematical classification
of physical quantities ",

We should agree that Maxwell's idea of assigning new mathematical pro-
pertics to physical quantitics — and to the symbols which represent them in the
equations — was immcnsely sucessfull; it seems then reasonable that he attecp-
ted an extension of dimensional propertics o feach 3 demonsmation that the
scst of his theary corroborated with its valid results. Metrological and dimen-
sional theories are thus consistent with the rest of Maxwell's conceptions and,
a5 such, they should be acoepred 4s an fntegrant part of Maxwell's paradigra,
which includes also the important feature of the refosal of the convective con-

The later of the theory of the feld at the end
o the century were in part devoted (o eliminate these inconsistencies. Antoon
Loreatz, introduced intn the theory the conveetive conccption, side by skle
with the field equations, thus vindicating, In 4 way, Weber's convective idea.
As it is well known, Maxwell's equatiaas have 2 fondsmental fole in the Relati-
Vity Theory, bur Weber's ratio o alio be deduced (70) from this theory, in a
first order imations, as & of Lomeatys
Then it can be argucd that insteias Special Relativity, inclades part not oaly
of Maxwell's thearies but slso of Webec's tival oncs.
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