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In the last yesrs, mach work has been dose bost Iconvergence and
bomogenization of functionals depending on scalar valued fanctions (e for |
esample (6], [12], (5], o ou vector valued functions (2], [10]. [14]. These {
papers deal with functionals of the type I
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sehere s an open bounded subsct of A%,  belangs to HA(0; RY) and f
lltCu‘llhmdnry function periedic in the firet reriobi.
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for cvery we HLA(D; RY), snd o give an asympeotic formula for the func-
thon ¢
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We shall consider functionals of the foem (1.1) with whwesf periodic depend-
ence on the firse varisble of £, We shall prove an homogenization thearem
and give an asymptotic formula for the limt, #s has already been done when
is n quadraric form in the second varisble (sce [11], [16]).

The main result of this paper is the following

HouoGrNmATION Timontos: Let fi R*X R —= [0, + wof be a Caratiro-
diy fanction, pesticousest iv the siond poriable (iee Defivition 4.1), retisfying the
ik enditien

.3 1P <S8y <) + 6

Jor ovury § R asd as, x5 R, and prolmest peciodic iu the fist varisble (see
Dfnirion 3.1). Thn fir ovwry spen bowsded subuet O of B, and erery
#e HLHD; RS there exists the fwit

) s &y i (% Da) e frOutan e,

and it a quasicousex: fanction, given by the formala

ORI —r]jglu'niﬂ{pIJQV. D) 4§ s we HEo 00, 73 R
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2. - IconvemGEscE

Let us recall the definitions of Mconvergence for fanctionals defined on
2 topolagical space, with valucs in X (as in [7]).

2.1, Deepomiox: Lee 76 B, X 1 wpological space, FC X,
of E in X, (F),, 2 family of functionals, each defined on 7, with valucs
in R, und reT. For every we B, we define
@1 X )hmmFF(x) et lmunr mr Fin.
@2 LX) limsop F) = sup limsup iof F(5)

{where 34(x) denotes the family of all neighbourhoods of ¥ in X).
TF ak @ paint we

LX) timinf F{x) = (X)) !ifﬂ:«p Fiix),
the common valoe will be indicated by
Ty lm FX).




1) for every scquence () in & converging to ¥, we have
A<lim inf Fy(e);

) vhero exist 8 sequence () in £ converging 10 x, such that

? > lmep i)

| 23, Rewan: If X' b metic, = R, snd vo B, we bave

G (XY lim Fof)

] =
s cnly if for every sespasnce (1) of positive seal pumbets converging
o0, thers exists 5 subtequence (e Joay such. that

1= LX) lim F .

- ALugsT PERIOBICITE

We shall consider functions with an almest peiodic dependence on
variable. uzumﬂhmmxmymm(u
BLED.

3. Demion: A fancion f. R~ R s el alome prid ¢ o
the uniform limit in R* of & sequence (A of trygonometric polynomisls,
ie. functiom of the type

ity = Faerp sl

MA....z..En-
We can give another definition which includes also 1l perindic functions.

5 o Loy, R* > R s almot. porinic if o every o0,
i inclusion: length £ > 0, such that for every a€ R,
thene exists e 4 [0, LJ* such that for 2. x0 B

e+ B} — < .
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33 Revanx:
it verifies also Do

f fis & continuous function vesifying Definition 3.2, then
516 3], pag. 76 and {15]). Con-
versely, if { is uniformly almost periodic, then it s also alimost peciodic ({3,
pog. 6, and (1)), Thae is, uniformly almost Jtrwﬂ"f fanctions are all the
continuous almost periadic. functinns
Here we. deal with functions (x, §) almast pesiadic in , with a kind of
uniformity with respect fo & Fusctions of this type, indexed by A®, have
been studied by Fink ([9, Chaprer 2, § 7). More precisely, we given the fal.
lowing definition.

34, Durmamion: A function i R=x R — [0, + o is called prafmwsst
prriedic in. the st waiable, if o cvery « > 0 corrcsponds an inclusion length
L= 0 with the following property: for every s e Y, vea+ [0, L]* cxists,
such that for a4, xu R*

@

f v, Bl <t +
for every §e R,
The s which satisfy (3.1) will be called the r-quasi periods of /.
A simple example of & palmast periodic function

6, 8) = (2 + con e + (1 + sen v2)

with p>2 (se¢ [3], Ticorem 5, pag: 5).

35 Rmuanxs 16 fy, /o are palmost periodic functions such that

continuous in x, uniformiy with respect 1o &, then f, + fy is alauost periodic
(see [9], pag. 17). |

4.« NOTATIONS AND PRELIMINARY RESULTS

If A s & Lebesgac measuruble subset of £*, meas (4) will be its Lebesgue
messue,
1f 0.< meas (A) < + o5, and f5 A = [0, + ], the number

ffwz\ P ‘:J'“"' i
will be the mrey of f o
Ap, will be the set pr open bounded subsets of &,
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4.1 Dersmoss (see Morrey [13): A contiouous fanction f: RY —+ R
wdhrmssmmmwmmufn-p,ud.., 1
B9 ‘

S@e e+ Datel) o E
42 Resunx: If f atisfies the growth eondition
r<fE<l +BP).

ver, then (11) holds fox ¢very £ R™¥, any open subser £
m-qm-w &2,

43, T crass 55 Tn all that follows w, N, & p are fixed; o, N2 N, . 25
+ 0. We will say that & fancional F* defined on the pairs (s, 2),
Qe Ap, snd no H(0; R, belongs to the class 5 w (e, pu 5, N}

exists a Canuthendory function s R* R — [0, + | such thar

£ oSG, £) i quasiconves for every w0 R ;

Iefe< fls ) <e{l + 181

for every £e R™ and aa v R%

K Fla0)= J;(x. Dafx) e )
for every Qe Ap, and .sm-m =),

| The clss F, equipped wi m:m«oemr(m)mwmln

compact space, in the sense cxplained by

44, Tooconis ([10] Theacem 24): 1 (F)u i @ deguense of fumitionsls of
;nna-ns hon there exists o snbsegeace (F )y of FJ-,,M:I-‘M‘P o3
b that

Fuln @) = TEA@; Rey) bian B G 2)

| o iy D Ap, and we HE2(5 B, /

In i cext pangraph we shall wse the following result (see for example
Proposition uls in (1),

4.5, Paorosrrios: If Foe ¥ for be™ md, for some 26 Ap,,
WEHM(G; R7)

Fufo, 0)= PLAQ: R lim P, 12),
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shon shere exists @ soquence (e 0 IS0, BY) eawerging b0 0 in LHG; RY)
sl shat

Fofa, ) =

i P+ 43, ) .

- HouoarsmxaTion

We can pass now to-the proof of the Homogenization Theorem. We con-
sider, for every positive «, the fonctional F, defined by

1) e 2= {5, Do)

for overy Qe Ap,, s Fn(; B¥), where f(x, &) is a fxed Caratheodory

function sutifriog (42), (43) and f-almost periodic in x. o
By Thearem 4.4, for cvery sequence of pos bers (eyl.sc converging

10 0, there exists a subsequence () OF (b and & Cam

tion ¢ satisfying (4.2), (43), such that the limic

(5.2) T(LA@: RY) lim Fy (2= Ji, (ov, D)) e

exists for every £ & Ap, and # e F%(2; R%). Tn order to prove the existence

of the limit 7(LA2; B¥Y) lim Fy, for every L& Ap,, it is sufficient to show

char the fanction ¢ in (5.2) does not depend o the pacticular (subléequence, r

50 that each Pconvergent (subjsequence has the same limit (Remark 2.3). :
We fix, from now oa, a sequence (1) o stisfying (5.2).

5.1, Prososerion: T fution (. &) i (6.2) caw be chosen independent of x.

Pioor: Let us fix %, yo & K% r=-0, KeN, £e R, Let B he the open
ball of center ¥, and radins r, fe the open ball of center x and sadiug
A — VR, Given £=:0, it is pmul»h o find & sequence {xJ Of e-quast
periods such that, set y, = x, +

\n .rm converging 1o 0 in LB, R,

I'(fl Dafoé)+

If i is lasge enough, 3yt BeCy,+ B, and then we cbtsin

_[ﬂv.eu\p!m-:fj'/(:‘; Fvos Do) .-)gx,

ﬂw.‘rxﬂ-f(x + 1Dn () + !!')dktlin_n'izfjj(f—h, Do+ ,-.-;‘He)m-f
! %




-”gpg!{i + w:.wwmiggrnL Dy €
-m‘-wJCI+w-.+m«:1‘r~,nb-@gp=[u+ D419 .
AS (o i bounded in AV(B; B¥) and ¢ is arbitesry, we have
Jotm ez frce e
e
3 we let K go to + % and we usc Beppo Lewi's theotem, we obtain
Jrs gz i nas
o
* sad thea, by symmecty, the cquality; 0
Jirtw 0= ety
By the arbitcarity of r, xy, 7, ind £, we have proven the proposition.
52 Dursrron: For every ¢ 0, §€ £, we define (see also [12], [5])
(BB gl minf § /e Dat) + ) e MO R}

© We give now the fandamennal lemma for the proof of the Homogenization
Thearem.

53, Lasouks Tie dmit N (&) exicu for oy § & R¥%
Proor: Let 1> 0 and w e HR ([0, 1]", R%) such thae
Jjbr.bv{x)+€)&—ﬂﬂ~

3 fil>ﬁnﬁb>0 m,:m.ummw:fm:u 11344 Ly, we
. cin construcz e F2((0, 71" RY) in the following way: for every a-tuple of
integens (neu e [r!(HL)Ii' Tet 7,y be an e-quasi period uff. with T €
‘ﬂ'-l-ln}ll?‘r["o Al 0ot

B T R O
it {u T e
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Using #,, we can give an ciimate of &(2)

o)< ff(x. Dufs)+ e).ak:]l_{;‘; j’ S5 Difoc—r,) + 4) e - j
et .

j’r;(«—n.u-.cv: 8) Ao, Do) 4 8)) e+

i)

R

ﬁ:[' jh]'(,"_ml;(n + D)

fefl :.-}(l—l:, Lo j)‘)\-‘; [t 760 a9} 4

Now, wking the limit firse in s and then in 7, we get
dim sup a(8) < (1 I'r)(l.:l_n-u:[p,{.‘)--r) 2.
As ¢ can be chocen arbitiary, we have proven the lemma.,

54, Propostrion: For sy £€ R, we ha

Panow: By Propusition 4.3, there exists a i (i FJ2 (0,17 R
converging to 0 in L2, 1)%; £9), such

,,(_!‘,A“P,‘,.ﬁm:[{(i,m,(-j ; e].fxn

Vi (1" _r (0 D)+ B)) i i

2B <l®)
. for every F€N, e HE((0. 1) RY) such that

o=z o

The sequence (s is weakly selatively compuet in HI#((0, )% £); 0 we
can suppose that it converges weakly to , in H}*(0, )% R).
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The quasiconvexity of p assures that

8 =faterix = min[ (e + Duts) e me Hp (0.1 m)];
wir i
so that

x

I({);{:(Mr) i E}-Srdllgajl_:.l‘sl;,'(——. Du o) +€) e = lima ),

e i
sequence (1), Therefore the Homogenization Theorem s proven.
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