VINCENZO DICUONZO (*)

On pseudo Mobius planes over fields
of characteristic > 2 "

Rissanto - Oggotto di questa nota & ln ostruiians o lo studio i una elasso 4l piani fini
wersione ohe non seno piani di M

INTRODUCTION

The purpose of this paper is to construct dy  elass of the so called
Minkowski geometries (see bibliography [1]).

To do this, given a projective plane = over & field K of charactoristic = 2 and
ander g, let T and J be two distinet, points of = and denote by r the line throngh [
and J. As points of an incidence structure ¥ we assume the points of =, not belon-
ging o 1, and the lines of = through T or J : certain conies of = through T and J are
assmed as bloeks of % and ealled circles of ¥

By construotion, an i ntomorphism of W is associated to every
eircle, Sueli an automorphism, called inversion, gives rise to the definition of or-
thogonality betweon two circles.

On the planes ¥, constrcied in his way, the quadruplets of mutually orthe-

gonal eircles mny be of four types sni two of them oceur when - (q + 1) is odd,
while the other ones when ,I, (q + 1) is ev It follows that, with respect to the

i5pes of sueh quadruplets of eirclos, tho planes ' may bo divided inta two classos,
ecarding s - (q + 1) Is odd or even. Tt is to recall that on the Mobius plines
aver fields of ;humclemne-» 2 and order g there are only two types of sueh qua-
ot of cireles and one of hem oeeurs when -5 (q 1) i3 odd, while the other

one when % {q + 1) iz even (see [2]).

{#) Tatituts i Matomatica Applicata, Fueolth di Ingegnerin, Universith df Roma.
{44 Mosmoria. presentata dall'Accademico . Bosviax il 2341974




ted by the iversions of ¥ and
s produet of ot most fiv
bins plane over the real

ane)

Sucessively we study roup G genes
demonstrate that every element of G may be represented
generators. This property is true also for the psendo M
numbers (see [4] n. 4, where such o plane is ealled hyperbolic inversive p

At last by the circles, the pencils and bundles of ¥ we construct a projective
4- space X, such that the poinis and the circles of ¥ represont 3 ruled quadrie of
id hence ¥ is a Minkowski geometry,

1. POINTS AND CIRCLES OF A PEEUDOD M

US FLANE

nd denote by '
5 & subfield K of order

Let K’ be a field of characteristic 1 = 2 and order q’
n invelutorial automorphism of K’ ; such a fleld K’ conts
q = p* consisting of the self-conjugate elements of K’

ane of =" defi

Moreoyer lo
ned over K.
In this work we shall refer to

projective plane over K and = the suby

but sometimes it will be convenient to con

sider the plane =

Now we denote by T and J two distinet points of = and by r the line through
I and J.
As points of an
r, the line r and fhe 2
Furthermore we consider the system I' of the q* - qf +q £ 1 eon
generate conics : g (q— 1) eonsis-
1) consisting of two lines, dis

stricture
through X or T : in this way ¥ con

sssume the points of = nof belonging fo
1§ points,

eiden

5 (

through T and J. T eonta
ting of r and & line not. thron
tinet or not, thro

As blocks (called circles) of ' we stiseg of
h T aorJ and the g — q* non degenerate conics of T, each. one
i

the (o — 1) eonies of T con

r and a fine ol thra
taghethier with the tangent {incs at L and J. T this wi
qf =gt — q eircles.

in ¥ there are  (q —1)

A point P of ¥ is said to belong to a civele A, if the image of P on = belongs to
the: image of A.
for the

widenes on ¥ there are the following propert

Fvery cirele containg q + 1 points

In fact for a cirelo represented by a degencrate cotile there are g points of the
line different from r and the point reprosented by ; for a cirele represented by &
ate conic €, there are g — 1 points of €, different. from T and J il
ented by the lines o and b, tangent to C at T and J respectively.

0 — 1) cireles passing throngh

non-degen

two points repre
The wery point.
Tn fact, if the point of ¥ is represented by the line £, the
d passing through a same point of r different from T and J.
When the point of 'F ik represented by a point P of = not on r, there are q*
q + 1 conics of I through P': one eonsisting of the lines P'T and PJ, and 2 q

are g

are g lines differont

from




consisting of the line I' I and o line through J different from P J or of the line P J
and u line through T different from P I. In this ease we obfain again q (q —1).

When the point of ' is represented by » line o through J different from v, the
are F g -+ 1 conies tangent to g at J, but q + 1 of them consist of the line o
and a Tine through T and other q of them consist of the line r and s line through
J different from the line g. We obtain again q (q— 1). When the point of ¥ is
represented by

line b throngh I, it happens the same.

Tiew cirele

of W are said to be disjoint, tangent or intersecting,
nics have 0, 1 or 2 common points, besi

wecording as the
and J.

corresponding ¢

2. UONSTRUCTION OF THE INVERSION IN A CIRCLE

Now to each eircle € of ¥ we are going to asioviate an inversion v, that s, an
involutorial sutomorphism of ¥ leaving the points of C fixed.

If € is reprosented by th
sion ¢ in € we o
anl J rautaall
morphism of ¥, sinc
and transforms lines and conics onto lines and ¢
wiher and preserving incidence.

rand a line ¢ of

ey the line ¢ pointwise fixed
ios, mapping 1 and J one into

If C i represented by 4 non-degena

| F of the polar of the points o ity w hetween s
¢, since there is o projectivity et
tivity, if the point sn & is self-conjugate with respect to C :
iven s point A of C, different from T and J, if 5 and 5" are the lines A T and AJ
respeotively, & and & are not conjngate with respect to C and hence there is a pers-
peckivity o bebween s and 5. Denoting by £ and ° the lines tangent to C at T and
J respectively, the perspectivity o sends the point £0 s into T and the point J
o the point 0 s I6 follaws that the center of  is the point € =t 1/, that
is, the pole of the line r ; moreover the points of s and 5° collinear with O are eo-
njugate with respe

M i & perspe

, that is, sn &' e C

Now lot us denote by

the correspondence sending A point P of = into a point
P, such that P and P’ are conjugate with respeot to € and collinear with €. From
the eonstruction if follows that y transforms a line througl T, different from t, onto
x ling through J, different from Ty ¢ the points of &

correspond 1o T and the ones of t* correspond to J, and the line r corresponds to

moreaye:

and conversely ;

It is casy to verify that
ol lines through T

4 projectivity or perspectivity o between the pencil
id the one of Tines through J is sent into a projectivity ¢ between
the corresponding penc 4 is & perspectivity, when 5 transforms - into V.
This means that + transforms lines of = ot thiough T nor J and the conies of =
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through I and J into cotiics through 1 and confes throngh 1, J and € into

lines ot through T nor J. Tt follows that v is an involutorial antomorphism of
onto cireles snd loaving the points of O fixed.

arial autimorphism v of ¥ is assumed a8 inversion in fhe

le .

5. ORTROGONAL CIRC

B AND ORTHOGONAL PENCILS

Donoting by « th
wo disting

inversion in u cirele 4 of ¥, represented by 4 conie A, let
t points of = corresponding by z, such that B, @, T, J are not

cors

The conies through P, @, 1, J form o pencil F and are invariant by =, On every
conie @ of F « determines an involution, which it hyperbolic or elliptic, necordi
a5 A intersects B, besides T and J, in other two points or not. Denoting by B t
circle. represented by B, this means that the cireles A and B are intersecting or
disjoint.

“The fines TP, 4 Q, £Q, P form u completo quadrilateral A; de
and § the other vertioes of A, we observe that K and 8 belon
version « in & cirele C of F the lnes T F
nd henee & and 8 commute with
il F# determined by the poin
irele B is inv

The circtes A snd B are called orthogonal and the pencils F and F*
be arthoganal too.

When the eirele 4 is ropresent
the resnlt is th
Notice that

by a degenerate conie, it i ¢ that

orthogonal civeles of W are intersecting o disfoial,
Let A and B be two conics of I, intersecting in two points M and N, besides
I and J, and representing two orthogonal circles 4 and B,

Denotis r of the inversion x in A and by B the one of the in-
version B in B, it is easy o verify that the lines A M and A3 it to B, and
the Tines B M and B X

Now let L be a point of 4, different from Land J
and by € a conic of [

are tan

v 1 the line A L
ant, Tf € does
an inversion v in the cirale C represen-
A

Denoting by 1" the line tangent ta A at L, 1

ny

ssess through the center O of v.
ngent fo I at riant by y and hence the
conics of I' tangent to 1 at L and the ones of I tangent to 1" b L form two pen
F and F*, such that the eircles represented by elements of £ are orthogonal to th

ones represented by elmonts of F* and conversel nd F*
are called arfogonal.




Notioe that the lines 1, 1 and TL, J L forin & harmonie sel.
At last we consider two disjoint circles of 'F; as we know, th
by two conies A and B intersecting only in T and J.  We eart say Hia
B intersect, besides T and two points T I respeet, to 7.
Alko the other two vertic nd 8 of the complete quadrilateral (TP, 4 Q, TQ, J )
are conjugate with respect to T. This means that tieo disjoint cireles of W determie
a peneil F orthogoual ta another peneil F*, ichose civcles are wutwally disjoint.

parabolic or elliptic, ac

re represented
toon z” A and

A peneil of cird
& are intersee

Observe that two circles represcnted by ¢
bolli pencil F since the eirdles of the orth
tangent af T and J.

its

nerate conics determine o hyper.
onies

TXDLES OF CIRCLES

nal circles 4 and B represented by the conies
the inversion 2 in B determines an involution j on A. It
2.8 loaves the conio B poiniwise fixed and the involution
riant. This means that = f o — 5, that is, « commutes with &,
Moreover, given an involution j on A, it is e ere is 2 nnique
conic B of I' such that the inversion  in B determines on A the involution j.
It follovws that the eivelcs orthogonal o a cirele of ' are as inany as the incolutions

1)

, that i, q%. Among these involutions the hyperbolic ones are

amd the elliptic ones 3]}, This means that among the q? cirdles

orthogonal to a given circ

A the ones intersecting A are - q (q-+13, and the oues
: 3

dijoint with respect to A are —- q (q—1).

Any sel. of vireies orthogonal (o a
any sel of virvies fhrou

Obyiously there are (q + 1)* singular bundles and f — g nonsingular busdles
and moreover lar bundle contains q (q— 1) circles, and every nonsin
gular bundle contains q* circles.

ele is called nonsingular bundle, and
alled singular bundle,

k a given point of ¥

pencil, det

Three cirelss, not in a mine w either singular or nonsingular bundle.

Lot A, B, C e three circlos of ¥, not in a pencil. If they are represented by
thres degenerate conics, they determine o singular bundle, since the line r is a point
of ¥, Therefore we ¢an suppose that at least one circlé, for instance A, is represen-
ted by o non-degene In this ease, if the cireles do not pass through
4 eommon point, we can say that on = the conies corresponding to B and C inte
80t A in two point pairs (B, B) and (0, 0') respectively, besides I and J. Denot-
ing by b and ¢ the lines BB’ and O C respectively, the point P = b0 ¢ belongs
o= a5 b and o. Let R and S be the points b r and o r. The point pairs (B,

e conie




1) and (P, R) determine an involution whose fixed points (certainly existing in =')
are denoted by 1D and D’ : likewise the point pairs (C, ©) and (P, 8) determine ano-
ther involution, whose f i are denoted I
The conic of I' thron 1 represents
| to A, B C. ns that A, B, C determ
ow we detern numerieal properties of the pencils
Let R (A} be the nonsingular bundle relative to the eirele 4
of R(A).
If F is parabolic, the inve
olutions with a common fixed point
contains | eireics.

passes throy wirele o

ie a nonsingular bndl

nd F o pen

fon in circles of F determine on A a pencil of g

it follows that a parabalic pencil of cireles

T F is hyperbolie, the inversions in circles of F determine on A a pencil ' of
involutions with » common pair of eorresponding points nd The involutions
of F commute with the one, whose fixed points are & and S, that is, they form a
. 1
lyperbolic pencil and henea are q — 13 morcover among these, there are - (4 — 1)

). It follows that a kyper-

hyperbolie involutions and as many elliptic ones (see [
e pone

At last, if F s elliptic, the inversions in circles of F determine on A a peneil
F of involutions, without & common pair of corresponding points. As it is known

les.

of eireles conte

i

(see [31), in this ease F o

oins q + 1 involutions, and - (q +1) of them are

hiyperbolie, and the ofh

ok o

es wve elliptie. Tt follows that there are q + 1 circles
in an eliptio peneil.
1

Since there are —q (q + 1) hyperbolic peneils containing a given circle,

contains o q (g + 1) (9* —aq)

ot (g ryperbolic pencils.

Moreover, since there are o peneils con i o given eirel

¢ peneils

—1) = (q + 1}

comtains (g + 1) (9" —q)

At Tast since there

- 11 (a—1) elliptic pencils containing a given circle,
¥ containg - (q— 1) (¢ —a) { {q + 1)

q*(q —1)* elliptic pencils.

TRIFLETS AND QUADE

TS OF MUTUALLY ORTHOGONAL CIRCLY

Now let F be g peueil of cireles and F* the peneil orthogonal to F.
Az we know, the inversions in circles of F determine on a circle 4 of F* involutions
commuting with an involution j, which is hyperbolic or elliptic aceording as F is
hyperbolic or elliptic too.

nermparabali

nie) there are triplets of mutually commuting
involutions, for every cirele B ol F there is anather cirele C of F orihogonal to B.
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Now we recall that on @ eonic (or projective line) in 4 projestive plane over
o fleld of eharacteristic > 2 and order q — p' & triplet of mufually commuting
imvolutions eontains an odd or even number of hyperbolic involutions, according

485 {0+ 1) s 0dd or even (see [3]).

Becanse of this property there are the following enses.
Given o cirele 4, let B and C be tio orthogonal sireles intersccting ani belonging

o the undle R (A). 1f - (q -+ 1) i odd, B and C are both inkersecing or disjoint

with respeet to As if .: (4 -+ 1) ia eren one of them is intersccting, and the other one

s disjoint, with respect to A.
1 B and C ave disjoint and orthogonal to A, they are both intersecting ar disjoint

Wl espect o A, wehen - (44 1) i coon, bu e of them s fntereeting and the other
lone ia disjoint with respect 1o Ay when - (q 4 1) is odd.

Now let A, B, C, D be four circles mutually orthogonal: two by two, they

gorul poncils. From the previuus resilts it follows that af these pewedla of enly fino
of thes e hyparbolic or eliptie, acooniing as -+ (g + 1) tr odd or even, Tu other
e oo b e T el of ATy SrINGRRGL CRE R e
of fhem ocour wchen - (q 1) is odd, and the other fro chen ; (i) e

Tt follows that, with respeet 1o the types of quadruplels of mutually orthogonai
circles, e pecido inverrive planes over fields of characteristio =2 il order  way

e dicided into two lasees, acemrding a5 —

g (04 1) i odd o7 even.

6. THE GROUP GENERATED BY THE INVERSIONS

Now we stuldy some properties of the group G generated by the inversions
i circles of .

Sine the produet of three nvolitions in a pencil F is an ivolution of F we
obtain that, the product of fhe inversions in three circles in @ peacil F is the inversion
i cirele of F {threo inversions thearem).

1t follows that the prodicets of tieo inversions belonging to the sawe pensil form
an abelian group. In fact, if A, B, C, D are eireles in 4 peneil and =, §, v, 3 the
corresponding inversions : (= B) (v 8) = (2873 =(yBu)S =7 (828) =v(3zf) =
={ya) («B).

Nov let us consider the inversions «, & v,  in four circlos A, B, C, D mutually
arthogonal, that is, such inversions eommute mutually two by two.
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“Plree of them, for instance 5, 8, v, detormine on the sirele D threo involations
y commuting and henee such that their product i the identity
the wmlm-\ afy is the identity or the invers the pro-

siona cannot be an inversion, z 3y — 5, that s, the pre
durl of three inversions mutnaily comwnting is an ivversion.

Lot R (C) be the nonsingular bundle velative to the ci
pencil of R (C) determines on € a pencil of involution
tive line) an elliptic peneil of invelutions a
tion, an elliptic pencil and a

n 3 Since

5 we know, every
A conic (or projee
a common invola-
other ane, both of R (C), contain a common. cirele,
Now let F, and F, be two non- ils of R{C). The corresponding
peneils of eonics on = contair which eannot represent. o cirele of
'upnf pencils of R (C) may Aave no comm
il of conies of I' representing o hyperbolie pencil of ¥ con-
¢ conies. representing no circle of ¥, and » pencil of conics of
bolic peneil of ¥ eontains one degenerate conie, ropresenti

means that fwo non  ire

erve t
taims two dege
T representing s |
.

It follows that, if « pencit Fy and three circles A, B, €, not in a peus
1o a same bundle of '¥, the pencil F, and at least ane of the thre
©); F(B, C) contain a comunon cirele.

Now
sented

wing proj

1o circle o

, belong

B), F (A,

eneils F (.

can demonstrate ¢

st every element of the groy
mogt; five ger

G may be repre:
rators. This result depends from the follo-

a) The product of the in s of a nowsinguiar bundio R is
equal to the product of the fnversions iu tico vivcies of R.
A, B, €, D be four circles of R and 1, £, v, 5 the eorresponding inversions
and denote by Fy an elliptic ]-uuul of R. There is a circle EcF,0 F(A4,B). D
by & the inversion in E, e« § =7, 1l L. 16 Z s the eircle corresy
to %, there is & circle He Fy, n F b Ly =g, where 5 is the
sion i [ ; and at last, denoting by L the circle corresponding to 3, there is o cirols
(L, D), such t
Ly8—enhB=enuy =y since K H,MeF.

w whore p is the inversion in M. In this
Tt follows that ang product of fhe inversio

vaions in four oir

Loting
nding
vor-

in cireles belo

ing to a nonsingular

bundle way be represented ax product of at mosl three ineerss

b) i
inversions, sie

In facl

Hhree inversions

v thein product is equal to fhe product uf thre
it the firat two of them ave any tica of 2, B,

3, where § =

roafy

a8 57, where ¢ = fzf and [
o} A nonsingular lw.m and anoikier one contain & oommion poncit
At fivst let R (A) R(B) be two nonsingular bundles. The circles A ik

B dotermine o peneil F 1|‘.- pencil F* gonal to F, belongs to R (A)n R (B)
ides the nomsingular bundle R(A), let R(P) be the singular bundl
whose circles pass through the peint P. 11 P does not belong to the circle 4, we de-




* the pmm COFTESpI inversion x in A. The circles throngh
1 belonging to R(A)n R(P). If P belongs to A, the para-
il of Rm]. whose re tangent at P, is a pencil of R(P) too.

Now lot u, B, v, 3, ¢, § be six inversions triply not in 4 peneil. Denoting’ by
bundle of inversions, there is o pe union to the bundles
As we know, there is an inversion belonging to F, and ane of
tho pencils F (2, B), F i« Because of property b) we can suppose that
there is an inversion 7
the sume way there is an inversig
this p we ol
B =3 vw sinee 7,2

halie pe

A

1t follows that the product of seven inversions of ' may bo represented 4 pro
dust of 1 rsions and hence that any element of G may be represented as product
of at most five inveraions ( Reduetion theorem).

complete the study of G we consider & sing

r bundle R.
five inversions of R. Az we know, there is an_inversion 7
F (s, £) and one of the pencili F (1, ), F (v, ¢), F (3, ¢). |;\.
i suppose Lo F (2, )0 F(y,8). Sinee Lv4 =7, that
#8%ne =8xne I follows that the ;m-duu
x Iundle R i equal to the product of four inversio
anent of the group generated by the inversions of a singular
bundle may be represented as product of af most four iurersions.

of R and henee that any ¢

7. THE PSEUDO NODIUS PLANES AS A CLASS OF MIN

A5 we saw in
common pencil.
presented by two points of &
point P of = and th
In the

liave no
R, correspond. to two points af ¥, re-
or by two lines through I or J,

PIor P
@ eases the bundles Ry and R, are called disjoint and preeisely right-

isfain). if 1 spond to points of ' represented by two points
with L {or J), or by two lines throngh J (or T), or by & point P and.
i lno P (or 33,

H two singular bundles Ry and R, are right-disjoint (or left-disjoint), we e
Fight-isolropic line (or lefi-isotropic line) the sel consisting of R, and R, and the offer
wingular bundies disjoint from Ry and Ry. To every vight-isotropic lin (or left
ssociated a line of = through I (or J) different from r, o1 uw...-n I
af lines of = through 1 {or J). Therefore there are q + 1
s miny left-isotropie lines.

Moreover we call isofrapic cirele any wnordered pair of isotropio lines of difle
type s obviously there are (q + 1) fsotropie circles. From now an the eireles of ¥
will be oalled Tonisotropie circles.




that two isotropie lines of different type contain u common singular
rele,. Conversel;

Not)
busdle, vwhich is called tho eenter of the corresponding isatropio
for every singular bundle R, there is a unique isofropic circle, whose center is R.

Gisen a singuinr bundle R, it is called isatropie plane relative to R, fhe sel cone-
isting of the isofrapic eirele with cénler R and the wonsingular bundies. associated
the nonisolropic cireles of R,

Now, in order to constr

a space X we assume as planes of B the nonisolropic
circles of ' and Ihe isofropic planes, moreover as lines of X the pencils of ¥ and tie
Tines, and. at last as points of T the bundies of V.
of these definitions ¥ contains gt
1) (q* +q + 1 line
r the ineidence in X we give the following definitions,
A point P of T iz said to belong to a plane x or a line , if the bundle of
W representing P either contains the cirele or the poncil corresponding to x or 4
vely, or belongs to the isotropio plane or tl spondin
to x or b respectively.
‘o define the inclusion of & line §
the gever
Wi
line b is said to belong to z, if the cirele corr

iotropi

and a5 many

u +q +1 planes

fsotropie line corry

h plane x, it is convenient to distinguish

canes
1 = is represented by a nonisotropic cirele of 'f a peneil of ¥, the
ponding t0 x belongs to the pen
representing b ; when = is ropresented by an isotropic pline relative to 4 hundle
hyperbolic pencil F, (or paraholic peneil Fy), b is siid to belong

r bundles of « (or Fy belongs to R) 3 when = is represented
by an fsotropio planeand b by an isotropic Ting, b i said to o 4 il = inclndes b

il

%

Now it is to verify that:

a) every plane of £ contains qf - q -+ 1 points and as many lines.

b) every line of ¥ contains q + 1 points and belongs to s many planes,

This means that £ is a projective S-space of order q over K.

polarity in 3 in the following ws

ircle A we ass
nd morcover to

plaze & we associate the point B

Tho arthogonality on ¥ allows to introdue

To every plane x of 3 represented by
the nulm A nf E_seprescnted by the novsingular bundle R
plane B of ¥ represented by ©
the singular bandle relative 1o .
Tt fallows that to every plane throngh A or B) it ix
moreover the points of X associated to the phimes passing
pencil F of ' belong to the line [* represented by the pencil F*
and at Iast the points of £ assoc

point of « (or
throngh a line | of

¥ representod by
arthogonal to F;
through o line | of E represented by an isotropic line belong to

versin, tion & of the subs-
puces of X, that is, & projec a Since there are points of 3 not
helonging to the eorresponding plane nat, sympletio: moreover @ is of order
2 and henee @ is a polarity of X. As it is known, the self-conjugate points of = by

it we obtain an inclusion

This means th




D fors

& quadric @, whieh is ruled, since  is sympletic on the lines of represented
sotropic lines.
As we know

on ¥ thero is a ane-to-one correspondence between the set of the
poitits and the set of the singular bundles of s it follows that there is 2 one-to-one
correspondence between the set of points of ' and the set of points of Q. Since every
nonisotropic circle A of ¥ does not belong to the associated nomsingular bundle
R(A), the plane of £ corresponding to A is intersecting Q and ce there is
one-to-one correspondence between the set of the nonisotropic eireles of 4" and the
Q. Moreover these two piie-t0-010 COXESPOT.
the fncidence : this m ¥ with its points and nonisotropic
nts a ruled quadric of I and hence a Minkowski g

ans th

reles Topre:
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